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2Bismillahi al-Rahman al-Rahim
Al-hamdu Lillaahi nahmaduhu wa nasta’enahu wa nastaghfiruhu, wa na’odhu billaahi min
shuroori anfusinaa wa min sayi’ati a’aalinaa. Man yahdih Illaahu falaa mudilla lahu wa
man yudlil falaa haadiya lah. Wa ashhadu an laa ilaaha ill-llaah wahdahu la sharika lahu
wa ashhadu anna Muhammadan ’abduhu wa rasooluhu sallalahu alayhi wa ala alihi
wasallam.
Abstract
This thesis studies the viability of classes of modified gravity (MG) theories based on gen-
eralisations of the Einstein-Hilbert action. Particular emphasis is given to f(R) theories in
both the metric and Palatini formalisms, scalar-tensor theories and generalised Gauss-Bonnet
theories. An urgent task at present is to devise stringent tests in order to reduce the range of
candidate models based on these theories. In this thesis a detailed study is made of the viabil-
ity of these models using constraints from requirement of stability, background cosmological
dynamics, local gravity constraints (LGC) and matter density perturbations.
In each case the conditions required for stability and viability of the background dynam-
ics are presented. In the case of generalised Gauss-Bonnet theories the circumstances leading
to the existence and stability of cosmological scaling solutions are established.
In the scalar-tensor theories considered here, which includes metric-f(R) theories as a
special case, there is a strong coupling of the scalar field to matter in the Einstein frame
which violates all LGC. It is shown that using a chameleon mechanism, models that are
compatible with LGC may be constructed. It is found that such models, which are also
consistent with background dynamics, are constrained to be close to theΛCDM model during
the radiation/matter epochs and can lead to the divergence of the equation of state of dark
energy. In contrast, such constraints only impose mild restrictions on Palatini-f(R) models.
Still more stringent constraints are provided by studying matter density perturbations.
In particular, it is shown that the unconventional evolution of perturbations in the Palatini
formalism leads to f(R) models in this case to be practically identical to the ΛCDM model.
For each case it is also shown that (for viable models) matter perturbation equations derived
under a sub-horizon approximation are reliable even for super-Hubble scales provided the
oscillating mode does not dominate over the matter-induced mode. Such approximate equa-
tions are especially reliable in the Palatini formalism, where the oscillating mode is absent.
In summary, the analyses carried out in this thesis suggest that subjecting MG theories to ob-
servational constraints confines the viable range of models to be very close to (and in some
cases indistinguishable from) the ΛCDM model.
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Chapter 1
Background and Motivation
The recent high-precision measurements of the cosmic microwave background (CMB) pro-
vided by the Wilkinson Microwave Anisotropy Probe (WMAP), together with other high
redshift surveys, have produced a wealth of information regarding the early Universe. The
analysis of the resulting data has provided strong evidence for the predictions of inflation-
ary cosmology, including the almost spatial flatness of the Universe [1]. Furthermore, these
observations coupled with the low redshift Supernovae surveys [2; 3; 4; 5] and observations
of large scale structure [6; 7] and baryon acoustic oscillations [8] suggest that the Universe
is at present undergoing a phase of accelerated expansion [9]. Consequently a ‘standard’
model of cosmology has emerged which is characterised by four distinct dynamical phases:
accelerated expansions at both early and late times, mediated by radiation-dominated and
matter-dominated eras [10]. The two phases of accelerated expansion pose a serious chal-
lenge for cosmology since they are difficult to explain within the original general relativistic
framework.
Concerning the phase of late time accelerated expansion, the simplest phenomenological
way to generate such a phase is through the addition of a cosmological constant (Λ) to the
Einstein field equations. In the classical setting this is equivalent to a constant energy density
with a negative pressure that permeates the entire Universe homogeneously. Quantum me-
chanically, however, Λ is associated with the energy density of the vacuum which is equal to
the sum of zero-point energies of quantum fields. Although this sum is formally infinite, we
expect that quantum mechanics will only be valid up to the Planck scale indicating an ultra-
violet momentum cut-off. In this case the integral is finite [9]. In spite of this, the predicted
quantum mechanical value of Λ still differs from the observed value by more than a hundred
orders of magnitude [11].
In order to resolve the problem an almost, but not exact, cancellation is required by an
equally large term of the opposite sign. Super-symmetric field theories, for example, assert
that for every bosonic degree of freedom there exists a fermionic counterpart contributing
negatively to the zero-point energy, thereby cancelling the vacuum energy [11]. Unfortu-
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nately, the predicted value of Λ is still substantially different from the observed value. This
problem, i.e., the problem of how to consistently account for Λ within a theory of quan-
tum gravity, is usually referred to as ‘the cosmological constant problem’, (which, in many
respects, is also a ‘fine-tuning problem’) [9].
In the Λ-Cold Dark Matter (ΛCDM) model, Λ accounts for approximately 73% of the
present energy-density of the Universe, cold dark matter 23% and baryonic matter 4%. In
this case, an additional fine-tuning problem arises: given that the matter energy density scales
as (time)−2, the problem is to understand why Λ is comparable to the present cosmological
matter density. This is known as the ‘cosmic coincidence problem’ and is shared with other
dark energy1 (DE) models in general. Thus far, there is no conclusive solution to this prob-
lem, nor is there a successful mechanism whereby the cosmological constant problem can
be explained. This has motivated a large number of alternative models.
Within the framework of general relativity (GR), a number of attempts have been made
to account for the apparent DE as an effect of spatial averaging in an inhomogeneous Uni-
verse [12; 13; 14]. Consider, for example, the scenario proposed by Kolb et al. [14], where
it is argued that the backreaction of cosmological perturbations exhibits an effect that may
be interpreted as cosmic acceleration. The authors demonstrate through the effective Fried-
mann equations describing an inhomogeneous Universe after smoothing, that acceleration in
our local Hubble patch may be possible even if the fluid elements do not individually drive
accelerated expansion. This would then violate the “no-go theorem” that there can be no
acceleration in our local Hubble patch if the Universe only contains irrotational dust. On
the other hand, other authors have pointed out that the effect of averaging nonlinear inhomo-
geneities has an insignificant impact on the average cosmological dynamics [15; 16]. As a
result, it is uncertain whether the backreaction of perturbations would be able to account for
the present epoch of accelerated expansion.
Alternatively, a number of articles have recently considered the “Swiss-cheese” model of
the inhomogeneous Universe, where each spherical void is described by the inhomogeneous,
spherically symmetric, Lemaitre-Tolman-Bondi (LTB) solution. At the boundary of these re-
gions the LTB metric is matched with the Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric that describes the evolution between the inhomogeneities [17; 18]. The idea is that the
less dense regions (voids) act as a concave lens, bending the light from a distant object away
from the observer. Therefore, light from Supernovae that travelled through a series of voids
would appear dimmer than expected without the need to invoke DE. However, it has been
argued that the above set up is too idealised [19] . In a more realistic Universe, light from the
Supernovae would pass through both under dense and over dense regions. Therefore, con-
trary to observations, some Supernovae (the light from which passes predominantly through
1Dark energy refers to a hypothetical form of energy responsible for the present phase of accelerated ex-
pansion.
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voids) would appear dimmer, whereas others would appear brighter (because the light was
passing mainly through denser regions and bending towards the observer).
In summary, it is fair to say that the models proposed within the context of general rel-
ativity, so far, are not completely satisfactory in explaining the current phase of accelerated
expansion. Consequently a large number of studies have recently focused on the possibil-
ity of modifying Einstein’s (original) theory of GR. Such theories can be classified into two
broad groups: those that invoke an exotic matter source for the dark energy and those that
modify the gravitational sector of the theory.
An important subset of the former classes of theories are the so-called ‘Quintessence’
models based on a scalar field that minimally couples to gravity [20]. In these models, the
potential energy of the dynamical field can give rise to the present epoch of accelerated
expansion. In addition, if the field’s self-interaction potential is of an exponential form [21],
these models possess cosmological ‘scaling solutions’ [22; 23; 24; 25; 26] in which the field
energy density is proportional to the fluid energy density. It is well known that such solutions
can be useful in developing a viable background cosmological evolution.
In addition to the quintessence models, there have been a number of scalar field models
proposed in the literature2, of which a partially complete list includes: Quintessential in-
flation, which attempts to unify both the early and late phases of accelerated expansion via
a single scalar field [27]; scalar field models of Chaplygin gas, which attempt to unify DE
with dark matter by allowing for a fluid with an equation of state that interpolates between
the two [28]; models with a non-canonical kinetic term, known as K-essence [29]; phantom
or dilatonic dark energy, where the kinetic term in the lagrangian density has the opposite
sign to quintessence [30]; and string inspired tachyonic models [31]. Details and references
for all these models, including additional ones, can be found in Refs. [9; 26; 32; 33; 34].
On the other hand, a great deal of effort has gone into the study of modified gravity (MG)
theories where the gravitational sector of the theory is different from the one in GR. Among
these classes of theories are f(R) theories, which involve non-linear generalisations to the
(linear) Einstein-Hilbert action. Such modifications are expected to arise in the effective
action of the gravitational field when string/M-theory corrections are considered [35]. An
important motivation for the recent interest in f(R) theories has been the demonstration that
generalised lagrangians of this type – which include negative and positive powers of the
curvature scalar – can lead to accelerating phases both at early [36] and late [37] times in the
history of the Universe.
In deriving the Einstein field equations from the Einstein-Hilbert action there are two
approaches that may be taken. These depend on the choice of independent fields with respect
to which the action is varied. In the ‘metric’ approach only variations with respect to the
metric are considered, whereas in the ‘Palatini’ approach the action is varied with respect to
2We note that scalar field models also involve fine-tuning when confronted with observations.
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both the metric and the connection. In the latter formulation, the Riemann tensor, Rabcd, and
the Ricci tensor, Rab, are defined with respect to the independent connection, Γˆabc, and do
not necessarily coincide with the Ricci and Riemann tensors of the metric gab. Consequently,
the Ricci scalar is constructed from the connection Γˆabc and metric. If the lagrangian is linear
in R, variation with respect to the independent connection forces it to reduce to the Levi-
Civita connection of the metric, while variation with respect to the metric gives the standard
Einstein equations. Therefore, in the case of the Einstein-Hilbert action both approaches
result in identical field equations. However, in the more general cases with nonlinear f(R)
lagrangians the metric approach results in fourth-order field equations, whereas the Palatini
variation generates a second-order system.
For some of the simplest choices of f(R) in the metric formalism (e.g., f(R) = R −
µ2(n+1)/Rn with n > 0 [37]), Dolgov and Kawasaki [38] have shown that the solutions of
the fourth-order field equations in the interior of some matter distributions, such as a star, are
unstable and grow with time. Such models are therefore ruled out in the metric approach.
The instabilities are found to occur if the condition ∂2f/∂R2 > 0 is violated [39; 40]. In the
Palatini formalism, on the other hand, these instabilities are absent due to the second-order
nature of the field equations. Therefore, the simple models that are excluded in the metric
formalism may be allowed in the Palatini formalism [41]. (This discussion is made more
transparent in Sections 2.1.1 and 2.1.2 where the field equations for the f(R) theories have
been derived.)
The viability of the background cosmological dynamics of f(R) gravity models in the
metric formulation has been the focus of a number of studies in recent years. The issue was
first studied in Ref. [42], where the authors demonstrated that for all models possessing a
lagrangian density that behaves as a power of R at large or small scales, the scale factor
during the matter era grows as t1/2 as opposed to the standard t2/3. In a detailed extension
of this work [43], the conditions [imposed on f(R)] required to produce the conventional
background dynamics, i.e., an era of late time accelerated expansion preceded by a standard
matter era, were derived without specifying the form of f(R). Under these conditions, many
functional forms of f(R) are ruled out, although there still exist some special cases of f(R)
that can be viable.
In contrast, a wide range of f(R) models in the Palatini formalism (including f(R) =
R − µ2(n+1)/Rn) are capable of producing the correct sequence of radiation-dominated,
matter-dominated and de-Sitter periods [10]. Moreover, models featuring both positive and
negative powers of R in addition to the Einstein-Hilbert term have been shown to consistently
produce both early as well as late accelerating phases.
Local gravity experiments can impose strong restrictions on the viability of f(R) gravity
models. In Ref. [44], Teyssandier and Tourrenc pointed out that f(R) theories in the metric
approach are dynamically equivalent to Brans-Dicke theories with a potential and a Brans-
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Dicke parameter ωBD = 0. Since interferometry observations of the deflection by the sun of
radiation from radio quasars constrain the Brans-Dicke parameter to satisfy ωBD > 40000
[45; 46], it was originally argued that such theories are incompatible with solar system tests3.
It was quickly realised, however, that the bounds given in Refs. [45; 46] apply only to the
usual Brans-Dicke theories (without a potential), in which case the mass of the scalar field
vanishes. In the presence of a potential (which leads to a non-zero effective scalar field mass)
these theories can be made compatible with local gravity experiments using a chameleon
mechanism.
Briefly, a chameleon mechanism is realised by certain scalar fields that have a potential
and a coupling to matter. These combine to create an effective potential for the field [47].
The values of the scalar field at the minima of the effective potential generally depend on the
local density of matter, and since the mass squared of the effective scalar field is given by
the second derivative of the effective potential evaluated at the minima, the scalar field mass
will depend on the ambient matter density [48]. In particular, the field is nearly massless in
the underdense regions of the universe, where the matter density is extremely small. On the
other hand, the effective scalar field mass in sufficiently dense regions of the Universe, such
as the solar system, is large. In Sec. 4.1.2 a more detailed discussion on the implications of
chameleon fields on the viability of cosmological models is provided.
The possibility of finding consistent solutions for static, spherically-symmetric matter
configurations in the Palatini formulation has been an issue of interest recently. This debate
originated from Ref. [49], in which the authors claimed that choosing a polytropic equation
of state, with index 3
2
< γ < 2, to describe the fluid in the vicinity of the surface of a
sphere results in curvature singularities, independently of the form of f(R). This implies
that stellar configurations can not be described within the Palatini framework. Immediately
one notices two major drawbacks of this conclusion, however. Firstly, a polytropic equation
of state is too idealised to give a detailed description of a matter configuration that resembles
an astrophysical star. Secondly, even if we were to accept a polytrope, the range in which
the singularities have been shown to occur is restricted to 3
2
< γ < 2. It should be noted
that there are at least two physical matter configurations which are exactly described by a
γ = 5
3
polytrope: a monatomic isentropic gas and a degenerate non-relativistic electron gas.
The conclusions of Ref. [49] are further disputed in Ref. [50], where the authors calculate
the tidal forces arising due to the presence of the surface singularities. They find that the
length scale on which the tidal forces diverge due to the curvature singularity is shorter than
the mean free path of the fluid and conclude that the system is therefore not well-described
by the fluid approximation. In summary, it is fair to say that this issue is not completely
3As will be illustrated later on, the Palatini formalism corresponding to ωBD = −3/2 is a special case in
which the weak-field description of Brans-Dicke theories breaks down. Hence, such observations can not be
applied in the same way.
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resolved.
Another issue, that has recently been discussed in the literature, concerns the well-
posedness of the Cauchy problem of f(R) gravity in the Palatini approach. By considering
the dynamical equivalence between these theories and Brans-Dicke theories with wBD =
−3
2
, the authors of Ref. [51] argue that the Cauchy problem is ill-posed. They argue that
the non-dynamical nature of the scalar field makes it impossible to eliminate second-order
derivatives of the field in the 3+1ADM framework. This leads to an ill-formulated and there-
fore ill-posed initial value problem4. On the other hand, the authors of Ref. [53] have rigor-
ously demonstrated that an appropriate choice of coordinates can lead to a well-formulated
and well-posed Cauchy problem in the vacuum5. Moreover, by introducing matter fields,
one can define a suitable scalar field that allows the theory to be written in scalar-tensor form
and also allows the form of f(R) to be related to the trace of the energy-momentum ten-
sor. It is then argued that this results in a well-formulated Cauchy problem that is free from
singularities [54].
The f(R) gravity theories can be further generalised by including terms in RabRab,
RabcdRabcd, or other invariants of the Riemann tensor. (It is informative to note that these
higher-order gravity theories are conformally related to Einstein gravity minimally coupled
to one or more scalar fields. Additionally, as will be illustrated in Sec. 2.2, such higher-
order theories can always be expressed as scalar-tensor theories). However, unless these
extra terms appear in the Gauss-Bonnet combination, one will generally be faced with ghost
instabilities (instabilities associated with a positive scalar field kinetic term in the equivalent
scalar-tensor gravitational action) in the theory [55; 56].
In this thesis a detailed study of the viability of modified gravity theories is performed,
focusing on a number of specific classes of theories that include: f(R) theories in the metric
formalism; f(R) theories in the Palatini formalism; scalar-tensor theories; and generalised
Gauss-Bonnet theories. Given the large number of models that have been (or can potentially
be) considered within the context of these theories, the aim here will be to reduce the range
of viable candidates by employing constraints provided by the following set of observational
tests:
1. the requirement of stability,
2. the background cosmological dynamics6,
4Note that in the 3+ 1 ADM formulation, if the system of equations are well-formulated and satisfy hyper-
bolicity, then the initial value problem is said to be well-posed [52].
5Because f(R) theories (like GR) are gauge theories, the Cauchy problem depends on suitable constraints
and choice of coordinates [54].
6As is often done in studies of dark energy, we shall ignore the early epoch of inflation and concentrate on
the three later phases of cosmic evolution. That is, we consider the observed temperature fluctuations in the
CMB as initial conditions without discussing the mechanism that produced them.
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3. the local gravity constraints (LGC),
4. the evolution of matter density perturbations.
In the solar system, GR is in excellent agreement with experiments. Classically these
experiments include: the perihelion precession of Mercury; the deflection by the sun of light
from distant sources; and the gravitational redshift of light. More recent experiments include:
(i) testing the Shapiro effect (the time delay in photon signals caused by the time dilation in
the gravitational potential of the sun [57; 58]); (ii) gravitational lensing [59]; and (iii) tests
of the equivalence principle. Thus, any candidate theory of gravity should reproduce GR on
solar system scales.
In order to provide a framework in which the weak-field tests of gravity may be inter-
preted, the parametrised post-Newtonian (PPN) approach has been developed [60]. In this
formalism, a set of post-Newtonian parameters completely characterise the weak-field be-
haviour of GR. These parameters are then severely constrained by solar system tests. For
example, gravitational lensing effects and the time delay of the Cassini tracking constrain
the Eddington parameter, γ. (This is a parametrisation of the amount of deflection of light
caused by a gravitational source). It is found that [61]
|γ − 1| < 2.3× 10−5 (1.1)
and further experimental bounds on the PPN parameters can be found in Ref. [61].
In addition to background dynamics and local gravity constraints, the study of pertur-
bations can be used to place bounds on the parameters of models. For this purpose, the
observed large scale structure [7; 62] provides a useful probe. It is well known that the
large scale structure that is seen in the Universe today grew via gravitational instability from
small initial density perturbations. These initial perturbations are believed to have originated
from quantum fluctuations generated during an early epoch of inflationary expansion. The
evolution of these density perturbations is determined by the theory of gravity. Therefore,
the viability of a given theory may be tested by confronting it with observables such as the
matter power spectrum [63].
Another useful observable is the linear growth rate, s, which measures how rapidly struc-
ture grows as a function of time. Recently a number of surveys have aimed to constrain this
quantity by observing the clustering of galaxies. At a redshift z ∼ 3, McDonald et al. [64]
obtained the constraint s = 1.46 ± 0.49 from observations of the matter power spectrum of
the Lyman-α forests. Taking into account the more recent data reported by Viel and Haehnelt
[65] in the redshift range 2 < z < 4, the maximum value for the growth rate allowed by cur-
rent observations is given by [66]
s ≡ d ln δm
d ln a
. 1.5 . (1.2)
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The current data still has large error bars and some data even allows for values in the range
−1 < s < 2 [65]. However, it is expected that future observations will further constrain the
growth rate.
This thesis is organised as follows. We begin in Chapter 2 by formally introducing the
classes of MG theories that are to be considered in this thesis. The corresponding field equa-
tions are derived and the basic characteristics of the theories are discussed. We proceed by
introducing conformal transformations, which are then utilised to show the equivalence be-
tween some MG theories and scalar-tensor theories. The conformal equivalence between
certain MG theories and GR is also demonstrated. Thereafter, the field equations for a spa-
tially isotropic FLRW Universe sourced by a perfect barotropic fluid are presented.
The framework for studying cosmological perturbations is also outlined in Chapter 2. De-
scribing an inhomogeneous space-time in terms of a homogeneous background with pertur-
bations is equivalent to specifying a mapping between space-time points in the background
and points in the inhomogeneous universe [67]. This mapping is not unique and leads to a
gauge problem. Moreover, the separation of quantities into background and perturbed parts
is not a covariant procedure. This can lead to gauge dependencies in perturbed quantities,
which means that physical quantities can have different descriptions depending on the choice
of coordinates [67]. After a short discussion aimed at clarifying the gauge problem, we pro-
ceed by deriving the perturbed field equations for those MG theories that we consider in later
chapters.
In contrast to this ‘standard approach’ of studying cosmological perturbations in the con-
text of generalised gravity, an alternative method has been developed that is essentially based
on utilising a generalisation of Birkhoff’s theorem. In Chapter 3, we begin by comparing and
contrasting both approaches in the context of Palatini f(R) gravity [68]. The general form of
the gravitational lagrangian for which the two frameworks yield identical results in the long-
wavelength limit is derived. This class of models includes the case where the lagrangian is
a power-law of the Ricci curvature scalar. The evolution of density perturbations in theories
of the type f(R) = R− µ2(n+1)/Rn is investigated numerically [68].
Pursuing this further, in Chapter 4 a detailed study of matter density perturbations in
f(R) gravity for both the metric and Palatini formalisms is made within the context of the
standard approach [69]. In each case, a brief review of the constraints provided by back-
ground cosmological dynamics, as well as LGC, is presented. In the case of the metric
formalism, this requires a discussion of the Chameleon mechanism. We proceed by de-
riving the evolution equations for matter density perturbations in each case in a number of
gauges, including the comoving, longitudinal and uniform density gauges. In addition, the
perturbation equations are also derived under a sub-horizon approximation and are shown to
be accurate for the models that satisfy the background and local gravity constraints. Using
these equations, a comparative study of the behaviour of matter density perturbations, as well
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as gravitational potentials for a number of classes of f(R) theories, is carried out both ana-
lytically and numerically. Employing the constraints provided by the above set of tests, the
parameter m = Rf,RR/f,R (which characterises the deviation from the ΛCDM concordance
model) is constrained.
Given that a number of classes of theories – including f(R) metric and Palatini theories,
and low energy effective superstring theories [70] – can be expressed in terms of scalar-tensor
theories, the analysis of Chapter 4 is extended to include a general class of scalar-tensor theo-
ries in Chapter 5. In this way a unified framework is achieved, allowing for the simultaneous
study of a range of theories. A class of scalar-tensor theories where the scalar field couples
to matter with a constant coupling, Q, is considered. We begin by studying the background
cosmological dynamics and consider the cases of constant as well as varying λ (the slope
of the potential in the physical frame). The stability analysis which is crucial in determin-
ing the background evolution is also presented. A family of potentials which are natural
generalisations of a viable family of models in f(R) gravity is introduced. By employing
the chameleon mechanism (as in the case of f(R) gravity), experimental bounds on the pa-
rameters of viable scalar-tensor models are then derived using solar-system and equivalence
principle constraints. For the models that are compatible with LGC, a study of the evolution
of the equation of state of DE reveals that the divergence of wDE previously found in f(R)
theories is also present in these cases. Finally, the evolution of density perturbations is dis-
cussed and used to place constraints on the coupling and model parameters by considering
differences in the slopes of the power spectra over large scale structure and CMB scales.
In Chapter 6, a general class of theories where the Einstein-Hilbert action is modified by
the inclusion of a function of the Gauss-Bonnet curvature invariant, f(G), is considered [71].
In this case, the most general form for the function f(G) that results in power-law (scaling)
solutions is identified. By employing an equivalence between the Gauss-Bonnet action and
a scalar-tensor theory of gravity, the field equations are expressed as a plane autonomous
system. A dynamical systems analysis is then employed to study the stability of the vacuum
and non-vacuum solutions.
Finally, we conclude in Chapter 7 with a summary.
Chapter 2
The field equations and cosmological
perturbations
The field equations for the classes of modified gravity theories which we study in subsequent
chapters are presented here. In each case, we introduce the theories, outline the derivations of
the field equations, show their equivalence to scalar-tensor theories, derive the corresponding
background equations, and state the perturbed field equations. We also introduce notations
and motivate the assumptions that will subsequently be made in this thesis.
2.1 The field equations for modified theories of gravity
2.1.1 f(R) theories in the metric variational approach
Let us first consider the action
Sf(R) =
1
16πGN
∫
d4x
√−gf(R) + Sm[gab, ψm], (2.1)
where GN is the gravitational constant, f is a general differentiable function of the Ricci
scalar, R, the idicies a, b (later) c, d and e are summed from 0 to 3, and the matter action
is a functional only of the metric tensor gab and matter fields ψm. We adopt the metric
signature (−,+,+,+). When varying the action to derive the field equations, the usual
(metric) approach is to use the metric compatible connection, Γcab. This means that the
covariant derivative formed from the connection satisfies ∇c gab = 0 and the connection is
the usual Levi-Civita connection written in terms of the metric as:
Γcab =
1
2
gcd(∂agbd + ∂bgda − ∂dgab). (2.2)
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In this case the metric gab is the only field that mediates the gravitational interaction and any
other fields that exist are included in the matter action Sm. In this subsection we adopt the
metric variational approach to derive the field equations of the theory whose action is given
by (2.1).
Varying the gravitational lagrangian with respect to gab gives [72]:
δ(
√−gf) = √−g
[
FδR− 1
2
gabfδg
ab
]
=
√−g
[
FgcdδRcd +
(
1
2
gabf − FRab
)
δgab
]
, (2.3)
where, F ≡ ∂f/∂R and we have used the relation
δgab = −gacgbdδgcd. (2.4)
Given that the Ricci tensor satisfies the following relation:
Rcd = Γ
n
cd,n − Γnnc,d + ΓnnmΓmcd − ΓndmΓmnc , (2.5)
where a comma denotes partial differentiation, it follows that
δRcd = δΓ
n
cd;n − δΓnnc;d , (2.6)
where a semi-colon denotes a covariant derivative defined in terms of the Levi-Civita con-
nection. Bearing in mind that
δΓabc =
1
2
[δgkb;c + δg
k
c;b − δg kbc; ] , (2.7)
Eq. (2.6) becomes
δRcd = −1
2
gkn[δgcd;kn + δgkn;cd − δgck;dn − δgdn;ck]
δRcd = g
kn[δgck;dn − δgcd;kn]. (2.8)
Contracting δRcd with the metric gcd then yields
gcdδRcd = δg
cd
;cd −δg cc , (2.9)
where  ≡ gab∇a∇b, and since
(Fδg cc ) = δg
c
c F + Fδg
c
c + F;cδg
cd
;d + F;dδg
cd
;c ,
(Fδgcd);cd = F;cdδg
cd + Fδgcd;cd + F;cδg
cd
;d + F;dδg
cd
;c ,
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it follows that Eq. (2.9) can be expressed in the form
FgcdδRcd = δg
c
c F − δgcdF;cd + (Fδgcd);cd −(Fδg cc ). (2.10)
The last two terms of Eq. (2.10) are total derivatives. These can be eliminated here as
they can be transformed via Gauss’s theorem to terms on the boundary, which are assumed to
vanish. There is however a slight subtlety related to the presence of F in the total derivative
terms (see Ref. [73] for a detailed discussion). In contrast to the case of the Einstein-Hilbert
action, the total derivative terms in (2.10) are not expressible as the total variation of a func-
tional when F 6= constant. This implies that it is not possible to eliminate these terms by
imposing suitable boundary conditions on the metric. However, because up to fourth-order
derivatives of the metric arise in the field equations [cf. Eqs. (2.9) and (2.10)], it is possible
to fix more degrees of freedom on the boundary other than the metric itself in order to elim-
inate the total derivative terms [74]. In general, choosing and fixing degrees of freedom on
the boundary has physical implications. Nonetheless, we proceed by adopting the standard
approach of assuming that a suitable fixing has been chosen in such a way that we can ignore
the surface terms [36; 72; 73; 75; 76]. It then follows that
FgcdδRcd = δg
c
c F − δgcdF;cd
= δgcd(gcdF − F;cd)
= δgcd(F
;cd − gcdF ), (2.11)
and substituting Eq. (2.11) into Eq. (2.3), we find that
δ(
√−gf) = √−g[−FRab + 1
2
gabf +∇a∇bF − gabF ]δgab. (2.12)
Finally, the variation of the matter lagrangian yields
δ(
√−gLm) = 1
2
√−gT abδgab,
= −1
2
√−gTabδgab, (2.13)
where T ab is the energy-momentum tensor, and the field equations are then given by [72]
F (R)Rab − 1
2
f(R)gab −∇a∇bF (R) + gabF (R) = 8πGNTab. (2.14)
This is clearly different from the case of the second-order field equations of GR, correspond-
ing to f(R) ∝ R. The trace of Eq. (2.14),
FR− 2f + 3F = 8πGNT, (2.15)
2.1: The field equations for modified theories of gravity 24
further highlights the discrepancy with GR, chiefly because R and T are related differ-
entially rather than algebraically (note that in GR, R = −8πGNT ). In fact, this prop-
erty leads to the Dolgov and Kawasaki instability [38] mentioned in Sec. 1. That is, the
first-order perturbative solution of Eq. (2.15) around a general relativistic background (i.e.,
R = −8πGNT +R(1)) inside some spatially finite matter distribution is highly unstable.
2.1.2 f(R) theories in the Palatini variational approach
The f(R) action (2.1) in this case is re-written as
Sf(Rˆ) =
1
16πGN
∫
d4x
√−gf(Rˆ) + Sm[gab, ψm], (2.16)
where Rˆ = gabRab(Γˆ) and the Ricci tensor, which depends on the affine connection Γˆ, is
given by
Rab(Γˆ) = Γˆ
n
ab,n − Γˆnna,b + ΓˆnnmΓˆmab − ΓˆnbmΓˆmna. (2.17)
The matter action is assumed to be independent of the affine connection Γˆ. In this case, be-
cause there are two independent fields which mediate gravity: gab and Γˆcab, the gravitational
action is varied with respect to each of these fields independently1. Henceforth, for simplic-
ity, the use of over-hats to denote a quantity defined by the connection Γˆnab is omitted , except
where its use may make the discussion more transparent.
Varying the gravitational lagrangian (2.16) with respect to gab leads to
δ(
√−gf) =
[
FRab − 1
2
fgab
]
δgab, (2.18)
where F ≡ ∂f(Rˆ)/∂Rˆ. The last equality follows from the fact that in the Palatini formalism
R = R(Γ). Consequently, the variation, δRab, with respect to the metric is zero. Using
Eq. (2.13), the generalised Einstein field equations in the Palatini approach are then given by
F (R)Rab − 1
2
f(R)gab = 8πGNTab. (2.19)
Interestingly, allowing the connection to be a dynamical variable has reduced rather than
increased the number of degrees of freedom in the theory [78]. As in GR, the field equations
here are second-order equations. Furthermore, the algebraic relation between R and T is
1Although this method is generally attributed to Palatini, it should be noted that it was first used by Einstein
[77].
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manifest in the trace of (2.19):
RF − 2f = 8πGNT. (2.20)
Therefore, in contrast to the metric formulation where the field equations are generally
fourth-order and in practice difficult to analyse, the Palatini formalism is more tractable.
In addition, unlike the metric formalism, the Dolgov and Kawasaki instability is absent in
the Palatini formalism because Eq. (2.20) is algebraic. This illustrates the better stability
properties of the second-order differential system compared with its fourth-order counter-
part. Obviously, this mathematical convenience does not single out the Palatini approach
as the fundamentally correct variational procedure. Nevertheless, its second-order nature is
conceptually more compatible with other known laws of physics. More specifically, in the
metric alternative one has to specify initial values up to third derivatives in order to determine
the evolution of the system [79].
To proceed, the variation of action (2.16) with respect to the affine connection, Γˆabc, yields
δ(
√−gf) = √−ggabFδRab. (2.21)
The variation of the Ricci tensor, Rab, in this case is identical to that of the metric approach,
except that the connection is the affine connection Γˆ. Thus
δRab = ∇ˆnδΓˆnab − ∇ˆbδΓˆnna , (2.22)
where ∇ˆ is the covariant derivative defined by Γˆabc. Substituting (2.22) into (2.21) gives
δ(
√−gf) = [√−ggabF (∇ˆnδΓˆnab − ∇ˆbδΓˆnna)] , (2.23)
and after integrating by parts and ignoring the surface terms as before by setting δΓˆabx = 0
on the boundary, Eq. (2.23) reduces to [80]
δ(
√−gf) = −[∇ˆn(
√−ggabF )δΓˆnab)− (∇ˆb(
√−ggabF )δΓˆnna]
= −δΓˆmka[δkb∇ˆm(
√−ggabF )− δkm∇ˆb(
√−ggabF )] . (2.24)
Requiring that the variation of the action (2.16) vanishes leads to the condition
δkb∇ˆm(
√−ggabF )− δkm∇ˆb(
√−ggabF ) = 0, (2.25)
and contracting over the indices m and k leads to the field equation for Γˆabc [80]
∇ˆb[F
√−ggab] = 0 . (2.26)
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If we now define a conformal metric
hab ≡ Fgab , (2.27)
it is easy to show that in terms of the new metric, Eq. (2.26) can be written as
∇ˆb[
√
−hhab] = 0 . (2.28)
The solution to Eq. (2.26) can therefore be expressed by writing Γˆnab as the Levi-Civita con-
nection for a new metric hab which is conformally equivalent to the spacetime metric gab.
The expression for the affine connection, Γˆnab, in this case is given by
Γˆnab =
1
2
hnm(hbm,a + hma,b − hab,m)
=
1
2F
gnm[Fgbm,a + Fgma,b − Fgab,m + gbmF,a + gmaF,b − gabF,m]
= Γnab +
1
2F
(δnb ∂aF + δ
n
a∂bF − gabgnm∂mF ). (2.29)
We recall that the Ricci tensor defined in Eq. (2.17) is written in terms of the affine
connection only. It is desirable, however, to express the Ricci tensor in terms of quantities
that can be computed for a given metric [80]. Re-writing Eq. (2.29) in the form
Γˆnab = Γ
n
ab + C
n
ab, (2.30)
implies that the Ricci tensor becomes
Rab = Rab(g) + C
n
ab,n − Cnna,b + ΓnnmCmab + ΓmabCnnm
+CnnmC
m
ab − ΓnbmCmna − ΓmnaCnbm − CnbmCmna,
or equivalently,
Rab = Rab(g) + C
n
ab;n − Cnna;b + CnnmCmab − CnbmCmna, (2.31)
where Rab(g) is the Ricci tensor of the Levi-Civita connection. We now compute each term
after Rab(g) on the right hand side (r.h.s) of Eq. (2.31). The second term becomes
Cnab;n = −
F;n
2F 2
(δnaF;b + δ
n
b F;a − gnmgabF;m) +
1
2F
(2F;ab − gabF )
= − 1
F 2
(F;aF;b − 1
2
gabF
;nF;n) +
1
2F
(2F;ab − gabF ), (2.32)
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where F = F (Rˆ(R)). The third term is
Cnna;b =
2
F
F;ab − 2
F 2
F;aF;b , (2.33)
where we have used Cnna = 2F;a/F , which follows from contracting over the indices n and
b in Eq. (2.29). The fourth term on the right hand side of (2.31) is
CnnmC
m
ab =
2
F
F;mC
m
ab
=
1
F 2
(2F;aF;b − gabF ;nF;n) , (2.34)
and the last term is
CnbmC
m
na =
1
4F 2
(δnb F;m + δ
n
mF;b − gnkgmbF;k)(δma F;n + δmn F;a − gmtgnaF;t)
=
1
2F 2
(3F;aF;b − gabF ;nF;n). (2.35)
Finally, by replacing the terms in Eq. (2.31) with Eqs. (2.32)-(2.35), the expression for the
Ricci tensor of the affine connection, Rab(Γˆ), becomes
Rab(Γˆ) = Rab(g) +
3
2F 2
∇aF∇bF − 1
F
∇a∇bF − 1
2F
gabF . (2.36)
Moreover, by taking the trace of Eq. (2.36), we can relate the curvature scalar of the affine
connection, Rˆ, to the curvature scalar of the Levi-Civita connection, R, thus:
R(Γˆ) = R(g) +
3
2F 2
∇aF∇aF − 3
F
F . (2.37)
2.1.3 Scalar-tensor theories
We next consider the following class of scalar-tensor theories [81]
SST =
1
16πGN
∫
d4x
√−g [F (φ)R− Z(φ)gab∂aφ∂bφ− V (φ)]+ Sm[gab, ψm],
(2.38)
where F (φ) needs to be a positive-definite function of φ for gravitons to carry positive en-
ergy, Z(φ) is an arbitrary function of φ and V (φ) is the field potential. Such theories satisfy
hyperbolicity (i.e., possess a well posed Cauchy problem even when formulated in the Jordan
frame) [82]. Setting the variation of the action (2.38) with respect to gab to zero, we obtain
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the following field equations
F (φ)[Rab − 1
2
gabR] = 8πGNTab + Z(φ)[∂aφ∂bφ− 1
2
gab∂
cφ∂cφ]
−1
2
gabV (φ) + g
abF (φ)
δRab
δgab
. (2.39)
Using the relation (2.11), the gravitational field equations (2.39) are [81]
F (φ)[Rab − 1
2
gabR] = 8πGNTab + Z(φ)[∂aφ∂bφ− 1
2
gab∂
cφ∂cφ]
−1
2
gabV (φ)− gabF (φ) + ∂a∂bF (φ). (2.40)
On the other hand, varying action (2.38) with respect to φ gives the scalar field evolution
equation:
2Zφ = −F,φR − Z,φ∂cφ∂cφ+ V,φ. (2.41)
The trace of Eq. (2.40),
−FR = 8πGNT − Z∂cφ∂cφ− 2V − 3F, (2.42)
can then be used to replace the Ricci scalar, R, in Eq. (2.41), thus leading to the relation
(2ZF + 3F 2,φ )φ = 8πGNF,φT −
1
2
∂cφ∂cφ(2ZF + 3F
2
,φ ),φ
+FV,φ − 2V F,φ . (2.43)
A special class of scalar-tensor theories that have been well studied in the literature are
the Brans-Dicke theories [83]. These are defined by the action
SBD =
1
16πGN
∫
d4x
√−g
[
φR− ωBD
φ
∂aφ∂
aφ− V (φ)
]
+ Sm[gab, ψm], (2.44)
where ωBD is the Brans-Dicke (BD) parameter. To be precise, in the original work of Brans
and Dicke [83] the action did not include a potential. Despite this, the more general form of
the action (2.44) is considered here because this is the form that is relevant to our subsequent
discussions. For simplicity, we shall refer to the action (2.44) as the Brans-Dicke action.
Assuming that the Brans-Dicke parameter, ωBD, is a constant, the field equations ob-
tained from action (2.44) are given by substituting F (φ) = φ and Z(φ) = ωBD/φ in the field
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equations (2.40) and (2.43). In this case, the field equations become
Rab − 1
2
gabR =
8πGN
φ
Tab +
ωBD
φ2
(
∂aφ∂bφ− 1
2
gab∂
cφ∂cφ
)
+
1
φ
(∂a∂bφ− gabφ)− V
2φ
gab (2.45)
and
(2ωBD + 3)φ = 8πGNT + φV,φ − 2V , (2.46)
respectively.
2.1.4 General f(R, P,Q) theories
Finally, we consider gravitational theories that include both linear and quadratic contractions
of the Riemann curvature tensor: R, P ≡ RabRab and Q ≡ RabcdRabcd. The general action
we consider is [84]
SRPQ =
1
16πGN
∫
d4x
√−gf(R,P,Q) + Sm[gab, ψm], (2.47)
where f is a general differentiable function of R, P and Q. Varying the gravitational la-
grangian with respect to the metric gives
δ
√−gf(R,P,Q) = √−g
[
1
2
fgabδgab + f,RδR + f,P δP + f,QδQ
]
, (2.48)
where
δR = Rabδg
ab + gabδRab ,
δP = (RcbRac +R
c
aRbc)δg
ab + 2RabδRab ,
δQ = (RcdebR
edc
a +RcdeaR
edc
b )δg
ab + 2R bcda δR
a
bcd . (2.49)
Substituting the relations (2.49) into Eq. (2.48) then implies that
δ(
√−gf) = √−g
[
1
2
fgabδgab + f,R(Rabδg
ab + gabδRab)
]
+
√−g [2f,P (Rc(aRb)cδgab +RabδRab)]
+
√−g [2f,Q(Rcde(bR edca) δgab +R bcda δRabcd)] , (2.50)
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where we use the subscripts () to indicate a totally symmetric quantity [i.e., U(ab) = 12(Uab +
Uba)]. It then follows that by using the relations [84]
f,PR
abδRab
=
d
1
2
[
(f,PR
ab) + (f,PR
cd);cdg
ab − 2(f,PRc(a) b); c
]
δgab,
f,QR
bcd
a δR
a
bcd
=
d −2(f,QRc(ab)d);cdδgab, (2.51)
where =d means equal up to terms which are pure divergences, together with Eqs. (2.11) and
(2.13), that the field equations can be expressed in the form [84; 85]
8πGNT
ab = − 1
2
fgab + fRR
ab + 2f,PR
c(aRb)c + 2f,QR
edc(aR
b)
cde
+ gabf,R − f ;ab,R +(f,PRab) + gab(f,PRcd);cd
− 2(f,PRc(a) b); c − 4(f,QRc(ab)d);cd . (2.52)
A well-motivated action of the type (2.47) follows from the low-energy action of string
theory, where the Gauss-Bonnet (GB) combination of curvature invariants, defined by
G ≡ R2 − 4RabRab +RabcdRabcd, (2.53)
arises as a leading-order correction [31]. In four dimensions, the GB term is a topological
invariant and introducing a term proportional to G into the Einstein-Hilbert action does not
modify the dynamics. Recently, however, the cosmology of models based on a class of
generalised theories with an action of the form
SGB =
1
16πGN
∫
d4x
√−g[R+ f(G)] + Sm[gab, ψm], (2.54)
have been considered. Varying the Einstein-Hilbert term in this action yields the usual Ein-
stein tensor, whereas varying the f(G) term implies that
δ(
√−gf) = √−g
[
1
2
fgabδgab + fG(2RδR− 4δP + δQ)
]
. (2.55)
By employing the same procedure as for the previous example, the field equations for the
theory (2.54) are then found to be given by [86]
Rab − 1
2
gabR = 8πGNTab +
1
2
gabf − 2FRRab + 4FRcaRbc
−2FRacdeR cdeb − 4FRacdbRcd + 2R∇a∇bF
−2gabRF − 4Rca∇b∇cF − 4Rcb∇a∇cF
+4RabF + 4gabR
cd∇c∇dF − 4Racbd∇c∇dF, (2.56)
where F ≡ ∂f/∂G. As in the case of the metric f(R) theories, introducing non-linear
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curvature invariants into the Einstein-Hilbert action also leads to field equations which con-
tain fourth-order derivatives of the metric. This is expected since the curvature invariants
themselves contain second-order derivatives of the metric. In the Palatini formalism, the
field equations are second-order equations precisely because the curvature invariants are in-
dependent of the metric. This discussion is made more transparent in the next section by
considering the dynamical equivalence of these theories to scalar-tensor theories.
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2.2 The scalar-tensor equivalence
The MG theories presented in the previous section can be recast into a scalar-tensor form by
employing suitable field redefinitions. In fact, as will be shown below, any metric gravity
theory based on curvature corrections to the Einstein-Hilbert action can always be expressed
in terms of a scalar-tensor theory where the scalar-field has a vanishing kinetic term. This
dynamical equivalence2 proves useful when studying more complicated theories of gravity,
such as f(G) gravity, as we shall see later in Sec. 6.
2.2.1 Conformal transformations
There is no unique prescription to redefine the fields of a theory. One can employ auxiliary
scalar fields, for example, to re-write the action or the field equations of a theory [87], or use
conformal transformations. Here, we briefly review conformal transformations.
A conformal transformation is a position-dependent transformation, mapping the original
metric, gab, into a new ‘conformal’ metric, g˜ab, such that
g˜ab = Ω
2gab , (2.57)
where Ω = Ω(x) is a function of spacetime coordinates and is referred to as the conformal
factor. The transformation is known as conformal, since it leaves the angle between two
vectors in the space-time invariant [88]. The line element is transformed to
ds˜2 = Ω2ds2 (2.58)
and the volume elements in four dimensions are related by
√
−g˜ = Ω4√−g. (2.59)
The transformation yields a new Ricci scalar given by [88]
R˜ =
1
Ω2
[
R− 12
√
Ω√
Ω
− 3g
ab∇aΩ∇bΩ
Ω2
]
(2.60)
in four dimensions.
The conformal factor Ω in general can depend implicitly on the scalar curvature and on
the matter fields. By carefully choosing the conformal factor, one can map a non-standard
theory of gravity formulated in the Jordan frame to one that is standard in the Einstein
2As a clarifying remark: two theories are considered ‘dynamically equivalent’ if, under a suitable redefini-
tion of the gravitational and matter fields, one can make their field equations and/or their actions coincide.
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frame, where gravity takes the usual Einstein form. The Jordan frame is the frame in which
the energy-momentum tensor is covariantly conserved and in which test particles follow
geodesics of the space-time metric. Under a conformal transformation, which is a field re-
definition as opposed to a coordinate redefinition, the gravitational and matter degrees of
freedom become mixed [89]. Thus, in the Einstein frame, the energy-momentum tensor of
the matter fields are not always covariantly conserved and test particles do not necessarily
follow geodesics of the space-time metric.
There is a long standing debate in the literature regarding the physical status of the dif-
ferent frames. Essentially, this dispute concerns the physical equivalence of two conformally
related theories. Some authors argue that conformal equivalence does not necessarily indi-
cate physical equivalence [90], while others assert that provided standard clocks and rulers
are adjusted appropriately, a mathematically equivalent theory is always physically equiva-
lent [91]. The latter viewpoint implies that one can choose to work in any conformal frame
so long as the transformations are consistent.
Given that there is, so far, no conclusive way to single out a “physical” frame, the usual
practice is to proceed by choosing the frame that is most convenient. For example, in the
Einstein frame the field equations are always second-order and this frame is therefore par-
ticularly useful for finding vacuum solutions. In the presence of matter fields, however, the
Einstein frame may be less useful [89]. In this study we consider the Jordan frame to be the
physical frame, since this is the frame in which the conservation laws hold and which usually
corresponds to the frame in which the theory is formulated.
In the following, we illustrate the dynamical equivalence between various MG theories
and scalar-tensor theories.
2.2.2 f(R) theories in the metric variational approach
By introducing an auxiliary field, φ, the action (2.1) can be shown to be equivalent to [44; 87]
S =
1
16πGN
∫
d4x
√−g [f(φ) + (R− φ)F (φ)] + Sm[gab, ψm], (2.61)
where F (φ) = ∂f(φ)/∂φ. Indeed, if ∂2f/∂φ2 6= 0 one can easily verify that the φ-field
equation is φ = R, which reproduces the original action (2.1). The theories (2.1) and (2.61)
are formulated in the Jordan frame. Redefining the field φ by χ = F (φ) without loss of
generality, the action (2.61) takes the form
S =
1
16πGN
∫
d4x
√−g [χR− V (χ)] + Sm[gab, ψm], (2.62)
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where the potential V (χ) is defined as
V (χ) ≡ χφ(χ)− f(φ(χ)) = RF (R)− f(R). (2.63)
A comparison with (2.44) reveals that the action (2.62) is the action of a Brans-Dicke theory
with the BD parameter ωBD = 0. Thus, the f(R) gravity theories in the metric variational
approach are dynamically equivalent to a class of Brans-Dicke theories with a potential and
vanishing kinetic term [87]. This equivalence holds only for theories where the matter action
depends only on gab and the matter fields ψm.
Anticipating the later sections, it is useful to derive the corresponding Einstein frame
action here. Consider again the action (2.61). Making a conformal transformation
g˜ab = Fgab, (2.64)
where φ = R, the action (2.61) is transformed into the Einstein frame action [92; 93]
SE =
1
16πGN
∫
d4x
√
−g˜
[
R˜− 3
2F (φ)2
g˜ab∇˜aF (φ)∇˜bF (φ)
−φF (φ)− f(φ)
F (φ)2
]
+ Sm[F (φ)
−1g˜ab, ψm], (2.65)
where gravity is minimally coupled to the scalar field. Here we have used the relation (2.60).
The metric g˜ab is the Einstein frame metric and quantities with a tilde denote those that are
defined using the metric g˜ab. Introducing a canonical scalar field, ϕk, such that
ϕk =
√
6
16πGN
lnF (φ), (2.66)
the action (2.65) can be re-written in the more conventional form [87; 93]:
SE =
∫
d4x
√
−g˜
(
R˜
16πGN
− 1
2
(∇˜ϕk)2 − V (ϕk)
)
+ Sm(F (ϕk)
−1g˜ab, ψm), (2.67)
where the potential, V (ϕk), is defined using Eq. (2.66) to be
V (ϕk) ≡ φF (φ)− f(φ)
16πGNF (φ)2
. (2.68)
In the class of theories (2.67), the scalar field couples to matter with the same strength as
gravity.
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2.2.3 f(R) theories in the Palatini variational approach
Proceeding in the same way as for the metric case, i.e., by introducing a field, φ, into the
action (2.16) and then redefining it in terms of χ, leads to the action
S =
1
16πGN
∫
d4x
√−g [χRˆ− V (χ)] + Sm[gab, ψm], (2.69)
where the potential, V (χ), is defined in Eq. (2.63). Using the redefinition χ = F (φ), the
conformal metric (2.27) is expressed as hab = χgab. By using the Eq. (2.37), we may then
relate the Ricci scalar of the affine connection, Rˆ, to the Ricci scalar of the metric compatible
connection, R, thus:
Rˆ = R+
3
2χ2
(∇χ)2 − 3
χ
χ. (2.70)
Replacing Rˆ in (2.69) with (2.70) and ignoring the total divergence terms, we have
S =
1
16πGN
∫
d4x
√−g [χR + 3
2χ
(∇χ)2 − V (χ)] + Sm[gab, ψm]. (2.71)
Comparison with Eq. (2.44) indicates that the action (2.71) is equivalent to the BD action
with ωBD = −32 . This is a special case of the Brans-Dicke theories where the kinetic term of
the BD field vanishes, i.e., the Klein-Gordon equation (2.45) becomes a constraint. This re-
duction in the number of degrees of freedom is an intrinsic property of Palatini f(R) gravity,
which reflects its second-order nature.
2.2.4 General gravity theories based on curvature invariants
Finally, we consider a general class of theories based on the action
S =
∫
d4x
√−g
(
R
16πGN
+ f(Y)
)
, (2.72)
where f(Y) is some arbitrary differentiable function of curvature invariants Y . In particular,
Y could take the form
Y = α1R2 + α2RabRab + α3RabcdRabcd, (2.73)
where α1, α2, α3 are constants. In the case of α1 = 1, α2 = −4, α3 = 1, the combination
reduces to the GB invariant defined in Eq. (2.53).
Action (2.72) may be expressed in an alternative form by introducing two auxiliary scalar
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fields χ and ζ such that
S =
∫
d4x
√−g
(
R
16πGN
+ ζ(Y − χ) + f(χ)
)
. (2.74)
Varying Eq. (2.74) with respect to ζ yields the constraint χ = Y , thereby reproducing action
(2.72). On the other hand, varying the action (2.74) with respect to χ implies that ζ = F (χ),
where F (χ) ≡ ∂f(χ)/∂χ. Substituting this condition back into Eq. (2.74) then leads to the
action
S =
∫
d4x
√−g
(
R
16πGN
+ F (χ)(Y − χ) + f(χ)
)
. (2.75)
It follows, therefore, that the action (2.72) is equivalent to the action
S =
∫
d4x
√−g
(
R
16πGN
− V (φ)− h(φ)Y
)
, (2.76)
where the scalar field, φ, is defined implicitly by
h(φ) ≡ −F (Y) (2.77)
for some function h(φ) and has an effective self-interaction potential
V (φ) ≡ YF (Y)− f(Y), (2.78)
where F ≡ ∂f/∂Y .
In summary, any generalised gravity theory of the form (2.72) featuring a general func-
tion of higher-order curvature invariants can be expressed as a scalar-tensor theory of the
form (2.76).
Let us focus on f(G) gravity, defined by (2.54), in which case the action (2.76) becomes
S =
∫
d4x
√−g
(
R
16πGN
− V (φ)− h(φ)G
)
+ Sm[gab, ψm]. (2.79)
Before we proceed to vary the action, it is worth noting that while a term proportional to
G in the gravitational action does not modify the field equations, terms such as φ√−gG do
so. The reason is that φδ
√−gG is not a total derivative, and therefore can not be eliminated
by evaluating it on the boundary [94]. Taking this into account, the variation of (2.79) with
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respect to gab leads to the following field equations [95]
Rab − gabR = − gab(V (φ) + h(φ)G) + 2h(φ)RRab − 2(h(φ)R);ab (2.80)
+ 2gab(h(φ)R)− 8h(φ)RacRbc + 4(h(φ)Rbc) a;c
+ 4(h(φ)Rac) b;c − 4(h(φ)Rab)− 4gab(h(φ)Rcd);cd
+ 2h(φ)RacdeRbcde − 4(h(φ)Racdb);cd + T abm .
The equation of motion for the scalar field is given by
V,φ(φ) + h,φ(φ)G = 0 (2.81)
and is an algebraic relation between φ and G. Therefore, the scalar field dynamics is inferred
from the derivatives of the Gauss-Bonnet coupling h(φ) in the field equations (2.80). Fur-
thermore, the fourth-order nature of the theory can be straightforwardly deduced by recalling
that h(φ) = −F (G).
Following Ref. [95] we use the relations:
R ;cceab = Rbe;a − Rae;b (2.82)
R ;cca =
1
2
R;a
Racbd;cd = R
ab −Rac;c b
Rac;c
b =
1
2
R;ab −RacbdRcd +RacRbc
Rab ;ab =
1
2
R,
obtained through the Bianchi identities, to re-write the field equations (2.80) in the form
Rab − gabR = − gab(V (φ) + h(φ)G) + 2h(φ)RRab + 4h(φ)RacRbc (2.83)
− 2h(φ)RacdeRbcde − 4h(φ)RacdbRcd − 2Rh(φ);ab
+ 2gabRh(φ) + 4Rbch(φ) a;c + 4R
ach(φ) b;c
− 4Rabh(φ)− 4gabRcdh(φ);cd + 4Racbdh(φ);cd + T abm .
It follows that since the standard field equations of GR must be recovered when h(φ) =
constant, only those terms involving derivatives of h(φ) arise in the r.h.s of Eq. (2.83). This
implies that [94]
Rab − 1
2
gabR = − gabV (φ)− 2Rh(φ);ab + 2gabRh(φ) (2.84)
+ 4Rbch(φ) a;c + 4R
ach(φ) b;c − 4Rabh(φ)
− 4gabRcdh(φ);cd + 4Racbdh(φ);cd + T abm .
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2.3 Cosmological equations
In this section, following a brief review of FLRW cosmology, the field equations for the
MG theories corresponding to a flat FLRW universe sourced by a perfect barotropic fluid are
presented.
2.3.1 Friedmann-Lemaitre-Robertson-Walker cosmology
In spherical polar coordinates the FLRW metric is given by the line element
ds2 = −dt2 + a2(t)
[
dr2
1−Kr2 + r
2(dθ2 + sin2(θ)dφ2)
]
, (2.85)
where t is cosmic time, a(t) is the normalised scale factor and K describes the geometry of
the universe, i.e., K = {+1, 0,−1} corresponds to a closed, flat or open geometry, respec-
tively. The source of the energy-momentum tensor is modelled as a perfect barotropic fluid,
specified by an energy density ρ and an isotropic pressure p, i.e.,
Tab = (ρ+ p)uaub + pgab, (2.86)
where ua denotes the comoving fluid four-velocity. The Einstein equations,
Rab − 1
2
gabR = 8πGNTab, (2.87)
in this case reduce to the Friedmann equation:
H2 ≡
(
a˙
a
)2
=
8πGN
3
ρ− K
a2
, (2.88)
where H is the Hubble parameter and a dot denotes differentiation with respect to cosmic
time, and the Raychaudhuri equation
a¨
a
= −4πGN
3
(ρ+ 3p). (2.89)
The conservation of energy-momentum, following from the Bianchi identities, leads to the
continuity equation
ρ˙+ 3H(ρ+ p) = 0. (2.90)
We note that only two of the equations (2.88)-(2.90) are independent. Using the continuity
equation with either the Friedmann or Raychaudhuri equation, the remaining equation can
always be derived.
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The Friedmann equation (2.88) can be written in the dimensionless form:
Ω(t) = 1 +
K
a2H2
, (2.91)
where Ω(t) ≡ ρ(t)/ρc(t) is the dimensionless energy density parameter and the critical
energy density is defined as ρc(t) ≡ 3H2(t)/8πGN . Clearly the spatial geometry of the uni-
verse depends on the amount of matter present, i.e., Ω > 1, Ω = 1 and Ω < 1 correspond to a
closed, flat and open geometry of the universe, respectively. The recent WMAP observations
[1] indicate that our universe is very close to being spatially flat. Therefore, we shall assume
K = 0 in what follows.
The energy density and pressure of a barotropic perfect fluid are related by the equation
of state (e.o.s) parameter defined by
w = p/ρ. (2.92)
We will assume w to be constant. In this case, integrating the Friedmann equation (2.88)
along with the equation
H˙ = −4πGN(ρ+ p), (2.93)
we obtain
a(t) ∝ t 23(1+w) and ρ(t) ∝ a−3(1+w). (2.94)
The special cases w = 1/3 and w = 0 correspond to radiation and dust, respectively. In
this context, a more useful form of equation (2.89) is
a¨
a
= −4πGN
3
ρ(1 + 3w). (2.95)
This implies that both a radiation and a dust filled universe lead to a decelerated cosmic
expansion. To accommodate for the current phase of accelerated expansion, the dominant
fluid in the universe (at present) must violate the strong energy condition: ρ + 3p ≥ 0.
Consider, for example, the simplest modification to Einstein’s theory given by the addition
of a cosmological constant to the field equations. Assuming that such a term behaves like a
perfect fluid, it can readily be seen from Eq. (2.90) that the e.o.s. should be wΛ = −1. With
this correction the Friedmann equation becomes
H2 =
8πGN
3
(ρ+ ρΛ), (2.96)
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and
a¨
a
= −4πGN
3
(ρ+ 3p− 2ρΛ), (2.97)
where ρΛ ≡ Λ/8πGN . This clearly demonstrates that the cosmological constant contributes
negatively to the pressure term and therefore exhibits a repulsive effect.
2.3.2 Cosmological equations for MG theories
In order to compute the Friedmann equations for the MG theories discussed above, it is worth
recalling that the non-zero components of the Levi-Civita connection are
Γ0ij = aa˙δij , Γ
i
0j =
a˙
a
δij , (2.98)
where the indices i, j and (later) k are summed from 1 to 3 (the so-called spatial components).
The non-zero components of the Ricci tensor that depend on the metric are
R00(g) = −3 a¨
a
, Rij(g) = (a¨+ 2a˙
2)δij. (2.99)
Since F (R) is a scalar quantity, the covariant derivative of F is just the partial derivative: F,a.
This means, for example, that F;ab = F,ab−ΓcabF,c. Moreover, due to spatial homogeneity the
Ricci scalar, R, is a function of time only, so F,i = 0. Below we summarise the cosmological
equations for each modified gravity theory in turn. For simplicity, we set 8πGN = 1 and
restore it when it makes the discussions more transparent.
• f(R) gravity in the metric formulation
The time-time component of the field equations (2.14) leads to [37]
3FH2 = ρ+
1
2
(FR− f)− 3HF˙ , (2.100)
which replaces the usual Friedmann equation (2.88), recovered by setting f = R. The space-
space components of (2.14) lead to the other independent field equation,
−2FH˙ = (ρ+ p) + F¨ −HF˙ . (2.101)
The curvature scalar satisfies the following relation:
R = 6(2H2 + H˙). (2.102)
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• f(R) gravity in the Palatini formulation
Consider the following combination of components [80]: Rˆ00 + 3a2 Rˆkk. Using Eq. (2.36)
this combination equals
6H2 +
3
2
(
F˙
F
)2
+ 6H
F˙
F
. (2.103)
On the other hand, by using the field equations (2.19), it can be shown that this combination
is equivalent to
f
F
+
ρ+ 3p
F
. (2.104)
Equating expressions (2.103) and (2.104) therefore leads to the Friedmann equation:
6F
(
H +
F˙
2F
)2
− f = ρ+ 3p . (2.105)
The curvature scalar is given by
R = 6(2H2 + H˙) +
3
F
(
F¨ + 3HF˙ − F˙
2
2F
)
. (2.106)
In the Palatini formalism it is possible, for w = 0, to express the Hubble parameter as a
function of R only. For this purpose we require an expression for R˙ in order to eliminate the
time derivatives of F on the left hand side of Eq. (2.105). Taking the time derivative of the
trace equation,
FR− 2f = −ρ+ 3p , (2.107)
and substituting for the resulting ρ˙ term using the continuity equation (2.90), we obtain
R˙ = − 3H
F −RF,R (ρ+ p) (1− 3w) . (2.108)
To derive this equation we used the relation p˙/ρ˙ = w = const for a barotropic fluid. In
the matter dominated era (where pm = w = 0) an expression for H(R) follows from
Eqs. (2.105) and (2.108):
H2 =
3f −RF
6F
(
1− 3
2
F,R(2f − RF )
F (F − RF,R)
)−2
. (2.109)
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• Scalar-tensor gravity
The generalised field equations (2.40) reduce to the Friedmann and Raychaudhuri equa-
tions
3FH2 = ρ+
1
2
(Zφ˙2 − 6HF˙ + V ) (2.110)
and
−2FH˙ = (ρ+ p) + Zφ˙2 + F¨ −HF˙ , (2.111)
respectively. The equation of motion for the scalar field φ follows from (2.43) and is given
by
Z(φ¨+ 3Hφ˙) = 3F,φ(H˙ + 2H
2)− 1
2
Z,φφ˙
2 − 1
2
V,φ. (2.112)
• f(G) gravity
The time-time component of the field equations (2.56) leads to the Friedmann equation
3H2 = GF − f − 24H3F˙ + ρ . (2.113)
The scalar curvature and Gauss-Bonnet invariant G satisfy the following relations
R = 6(2H2 + H˙) (2.114)
and
G = 24H2(H2 + H˙), (2.115)
respectively. It is worth mentioning that all of the modified gravity theories presented here
satisfy the continuity equation (2.90).
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2.4 Cosmological Perturbations
Here, we briefly review the basic features of relativistic perturbation theory in the context
of the FLRW space-time. We briefly discuss the gauge problem in first-order perturbation
theory and then proceed to state the governing evolution equations for the cosmological
perturbations that will be required in subsequent chapters.
2.4.1 Metric and matter perturbations
Although the flat FLRW spacetime is a good approximation of the Universe, a more precise
description requires anisotropies and inhomogeneities. In order to describe such features
we employ a perturbative approach, where the departure from homogeneity and isotropy is
characterised by small perturbations about the FLRW background. This leads to observable
quantities being decomposed into homogeneous background and inhomogeneous perturba-
tion contributions. As an essential feature of this analysis, we assume that the deviations
from homogeneity and isotropy have been small during most of the history of the universe,
so that they can be treated as first-order effects [96].
The metric tensor, which has ten independent components, is decomposed into back-
ground ( g¯ab) and perturbation (δgab) parts such that
gab = g¯ab + δgab. (2.116)
In this case, the line-element can be expressed as
ds2 = −(1 + 2α)dt2 − 2a(t)(b,i + βi)dtdxi (2.117)
+a2(t)[(1 + 2ϕ)δij + 2E|ij + c(i|j) + hij]dx
idxj,
where a vertical-bar subscript denotes a covariant derivative with respect to the spatial three-
metric g(3)ij . It proves useful to classify the metric perturbations according to their transforma-
tional properties under spatial transformations. Following the terminology of Bardeen [97],
the perturbations can be labelled as scalar, vector or tensor. In linear perturbation theory
this is particularly useful because the governing equations decouple, which implies that each
can be solved separately [67]. The metric perturbations are decomposed as follows: the four
linear scalar perturbations are α, b, ϕ and E; the divergenceless 3-vector fields βi and ci con-
tribute four vector degrees of freedom; and the symmetric, transverse and traceless 3-tensor,
hij , which describes gravitational waves, contributes two tensor degrees of freedom.
The main purpose of considering perturbations in the present context is to study the for-
mation of large-scale structure. For this purpose, only the scalar perturbations contribute
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significantly. The vectors are exponentially suppressed in the early universe3, and the tensor
modes make only a small, but important, contribution to the B-mode of the CMB polarisa-
tion. Consequently, we restrict our attention to the four scalar metric perturbations, in which
case the perturbed line-element (2.117) reduces to
ds2 = −(1 + 2α)dt2 − 2a(t)b,idtdxi + a2(t)[(1 + 2ϕ)δij + 2E|ij]dxidxj. (2.118)
In general, linearly perturbing the energy-momentum tensor sourced by a fluid with en-
ergy density ρ, isotropic pressure p, and 4-velocity ua, gives
T 00 = −(ρ+ δρ), T 0i = (ρ+ p)(Vi − b,i), (2.119)
T ij = (p+ δp)δ
i
j +Π
i
j ,
where the 3-velocity Vi comes from the spatial part of the perturbed 4-velocity. The vector
quantity Vi can always be split into a scalar part (velocity potential V ) and and a vector part
(V veci ) such that Vi = V,i + V veci . Similarly, the anisotropic stress, Πij , has terms originating
from scalar, vector and tensor contributions. As before, we only consider the irrotational
scalar perturbations because these are the components relevant for structure formation. Fur-
thermore, because we consider a pressureless fluid (with a barotropic equation of state) as
the matter source, by definition p = δp = Πij = 0. Hence, the components of the energy-
momentum tensor reduce to
T 00 = −(ρm + δρm), T 0i = ρm(V − b),i ≡ −ρmvm,i , T ij = 0, (2.120)
where we have introduced the scalar velocity perturbation, vm, which is related to the veloc-
ity potential through [98]:
vm = −(V − b). (2.121)
If we consider the perturbed variables in Fourier space where, for example, a perturbed
variable σ is written as a Fourier series
σ =
∑
σk(t)e
ik·x,
we find that each k-mode evolves independently. Ignoring the k subscripts for notational
simplicity, the matter perturbation can be shown to satisfy the following equations of motion
3It is well known that in an expanding FLRW universe (sourced by a perfect fluid with Πij = 0), first-order
metric vector perturbations decay and hence rapidly become insignificant.
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[81; 99; 100; 69]
v˙m +Hvm =
1
a
α , (2.122)
δρ˙m + 3Hδρm = ρm
(
κ− 3Hα− k
2
a
vm
)
, (2.123)
where k is a comoving wavenumber,
κ ≡ 3(Hα− ϕ˙) + k
2
a2
χ , (2.124)
and
χ ≡ a(b+ aE˙). (2.125)
If we now define the following variables
v ≡ avm = −a(V − b) , δ ≡ δρm
ρm
, (2.126)
where v is a covariant velocity perturbation [101], Eqs. (2.123) and (2.122) can be written as
δ˙ = κ− 3Hα− k
2
a2
v , (2.127)
α = v˙ . (2.128)
As will be explained in the next subsection, in order to avoid the gauge problem associ-
ated with perturbation theory, it is necessary to consider gauge-invariant quantities only.
Choosing a comoving orthogonal hypersurface, the density perturbation can be expressed in
a gauge-invariant way as [98]:
δρ˜m = δρm + aρ˙m(V − b) . (2.129)
We shall define the density contrast on comoving orthogonal hypersurfaces as
δm =
δρm
ρm
+ 3Hv . (2.130)
It then follows that since the right hand side of Eq. (2.130) is gauge-invariant, δm can be
evaluated in any gauge and the evolution equation for δm is then given by
δ¨m + 2Hδ˙m +
k2
a2
(α− χ˙) = 3B¨ + 6HB˙ , (2.131)
where B = Hv − ϕ.
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2.4.2 Coordinate transformations
A central feature of general relativity is that it is covariant under diffeomorphisms. This co-
variance is broken under the non-covariant procedure of splitting quantities into background
and perturbation parts, which can lead to the latter becoming coordinate dependant [67].
Quantities such as the line-element, ds2, and the energy density, ρ, however, remain invari-
ant regardless of the choice of coordinates. This provides a relation between two coordinate
systems, which allows us to deduce how the perturbed quantities will transform once a gauge
transformation has been specified4 [67].
To elucidate this, let us consider the first-order gauge transformation
x˜a = xa + θa, (2.132)
where quantities with a tilde represent those in the new coordinate system, and θ0 determines
the choice of temporal gauge. We require the line-element to satisfy
ds2 = gabdx
adxb = g˜abdx˜
adx˜b, (2.133)
which relates the two metric tensors gab and g˜ab. Perturbing the right hand side of Eq. (2.133)
using the expansions of (2.132), the line element in the new coordinate system can be ex-
pressed as [98]
ds2 = − (1 + 2α˜)dt˜2 − 2a(t˜)(b˜,i + β˜i)dt˜dx˜i (2.134)
+ a2(t˜)[(1 + 2ϕ˜)δij + 2E˜|ij + c˜(i|j) + h˜ij ]dx˜idx˜j ,
where the tilded perturbation variables are expressible in terms of combinations of the origi-
nal (untilded) metric perturbations and components of θa and θ˙a. A similar analysis reveals
that the perturbation δρm transforms as [67]
δρ˜m = δρm + θ
0ρ˙m . (2.135)
In summary, gauge transformations can induce gauge dependencies in perturbed quantities.
Consequently, Bardeen [97] proposed that only variables that are explicitly gauge-invariant
should be considered. By construction, such variables would eliminate the effects of gauge
modes induced by gauge transformations. Considering the scalar metric perturbations, the
idea essentially is to use the temporal and spatial gauge transformations (θ0 and θi, respec-
tively) to substitute for two of the scalar metric perturbations, thus allowing for the con-
struction of two gauge-invariant combinations [67]. Hence, we replace the gauge-dependant
metric perturbations b and E, with the spatially gauge-invariant combinations χ and κ, de-
4This is referred to as the ‘passive approach to gauge transformations’ in Ref. [67].
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fined in Eqs. (2.125) and (2.124), respectively [102]. We thus have a set of quantities: α, χ, ϕ
and κ, that are spatially gauge-invariant, of which only three are independent. The advantage
of using these variables is that by writing equations in terms of them, we can conveniently
fix the gauge degrees of freedom by setting specific metric perturbations to zero [79]. For
example, the longitudinal gauge would correspond to χ = 0.
Here we are interested in the quantity δm, which is defined in a gauge-invariant way in the
comoving orthogonal gauge in Eq. (2.130). In what follows, we evaluate the gauge invariant
combination on the right hand side of Eq. (2.130), for three different gauge choices that are
relevant for this study.
• Comoving gauge: in which the spatial hypersurfaces correspond to those where the
3-velocity and the scalar shift function vanish (i.e., v = 0). This implies that along
with the 3-velocity the momentum vanishes as well [97]. Thus the gauge-invariant δm
in this gauge becomes
δ(v)m =
δρm
ρm
∣∣∣∣∣
v=0
. (2.136)
• Longitudinal gauge: in which one chooses to work on spatial hypersurfaces with
vanishing shear, i.e., the shift vector, b, and the anisotropic potential, E, both vanish,
resulting in χ = 0 [103; 104]. The gauge-invariant δm in this gauge is
δ(χ)m =
δρm
ρm
+ 3Hv
∣∣∣∣∣
χ=0
. (2.137)
• Uniform density gauge: in which one defines perturbed quantities on constant density
hypersurfaces, i.e. δρm = 0 [105]. The gauge-invariant δm in this gauge is
δ(δ)m = 3Hv
∣∣∣
δρm=0
. (2.138)
The latter gauge choice does not imply that the matter perturbation vanishes, it is just carried
by other perturbation quantities; in this case by the covariant velocity perturbation v. De-
tailed and comprehensive reviews of first-order perturbation theory can be found in a number
of publications, including Refs. [67; 102; 103; 104; 106; 107].
2.4.3 Field equations for scalar perturbations
In this subsection we present the equations in Fourier space that govern the evolution of
scalar perturbations set out in Sec. 2.4.1. Essentially, these equations correspond to com-
ponents of the linearised field equations for the particular theories at hand. The equations
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are presented in a gauge-invariant (also known as gauge-ready [102]) formalism where the
temporal gauge condition is unspecified.
• General scalar-tensor theories
We begin with a slightly revised form of the general scalar-tensor action (2.38):
S =
∫
d4x
√−g
[
1
2
f(φ,R)− 1
2
ω(φ)(∇φ)2 − V (φ)
]
+ Sm(gµν , ψm) , (2.139)
where we have set 8πGN = 1. The perturbed field equations in this case have been de-
rived in Ref. [99]. The energy constraint (the G00 component of the field equations) for this
generalised gravity theory is
−k
2
a2
ϕ+Hκ = − 1
2F
[
ωφ˙δφ˙+
1
2
[ω,φφ˙
2 − (f − 2V ),φ]δφ+ (2.140)
(
3H˙ + 3H2 − k
2
a2
)
δF − 3HδF˙ + (3HF˙ − ωφ˙2)α + F˙ κ+ δρm
]
.
The momentum constraint (the G0i component of the field equations) is
κ− k
2
a2
χ =
3
2F
(
ωφ˙δφ+ δF˙ −HδF − F˙α + ρmv
)
. (2.141)
The shear propagation equation (the Gij − 13δijG00 component) is given by
χ˙+
(
H +
F˙
F
)
χ− α− ϕ = δF
F
. (2.142)
The Raychaudhuri equation (the Gii −G00 component) is
κ˙ +
(
2H +
F˙
2F
)
κ +
3F˙
2F
α˙ +
(
3H˙ +
1
2F
(6F¨ + 3HF˙ + 4ωφ˙2)− k
2
a2
)
α (2.143)
=
1
2F
[
4ωφ˙δφ˙+ [2ω,φφ˙
2 + (f − 2V ),φ]δφ+
(
k2
a2
− 6H2
)
δF
+3HδF˙ + 3δF¨ + δρm
]
.
The trace equation (the Gii component) is
δF¨ + 3HδF˙ +
(
k2
a2
− R
3
)
δF +
2
3
ωφ˙δφ˙+
1
3
[ω,φφ˙
2 + 2(f − 2V ),φ]δφ (2.144)
=
1
3
δρm + F˙ (κ+ α˙) +
(
2
3
ωφ˙2 + 2F¨ + 3HF˙
)
α− 1
3
FδR ,
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where the perturbed scalar curvature is given by
δR = 2
[
−κ˙− 4Hκ+
(
k2
a2
− 3H˙
)
α + 2
k2
a2
ϕ
]
. (2.145)
Finally, the scalar field equation of motion is
δφ¨+
(
3H +
ω,φ
ω
φ˙
)
δφ˙+
[
k2
a2
+
(ω,φ
ω
)
,φ
φ˙2
2
+
(
(2V − f),φ
2ω
)
,φ
]
δφ
= φ˙(κ+ α˙) +
(
2φ¨+ 3Hφ˙+
ω,φ
ω
φ˙2
)
α+
1
2ω
F,φδR . (2.146)
• f(R) theories in the metric formalism
By eliminating the contributions from the scalar field, φ, in the equations of section 2.4.3,
one can readily derive the perturbed field equations for f(R) gravity theories. The energy
constraint reduces to [99]
− k
2
a2
ϕ+ 3H(Hα− ϕ˙) + k
2
a2
Hχ (2.147)
=
1
2F
[
3HδF˙ −
(
3H˙ + 3H2 − k
2
a2
)
δF − 3HF˙α− F˙ κ− δρm
]
,
and the momentum constraint becomes
Hα− ϕ˙ = 1
2F
[
δF˙ −HδF − F˙α + ρmv
]
. (2.148)
The shear propagation equation is given by
χ˙+Hχ− α− ϕ = 1
F
(δF − F˙χ) , (2.149)
and the Raychaudhuri equation takes the form
κ˙+ 2Hκ+
(
3H˙ − k
2
a2
)
α =
1
2F
[(
−6H2 + k
2
a2
)
δF (2.150)
+3HδF˙ + 3δF¨ − F˙ κ− 3(2F¨ +HF˙ )α− 3F˙ α˙ + δρm
]
.
Finally, the trace equation is
δF¨ + 3HδF˙ +
(
k2
a2
− R
3
)
δF = (2.151)
1
3
δρm + F˙ (κ + α˙) + (2F¨ + 3HF˙ )α− 1
3
FδR .
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• f(R) theories in the Palatini formalism
Here we present the f(R) field equations for scalar perturbations in the Palatini formal-
ism [69; 79]. More details are given in Appendix A.1. The energy constraint is
−k
2
a2
ϕ+
(
H +
F˙
2F
)
κ +
1
2F
(
3F˙ 2
2F
+ 3HF˙
)
α
=
1
2F
[(
3H2 − 3F˙
2
4F 2
− R
2
+
k2
a2
)
δF +
(
3F˙
2F
+ 3H
)
δF˙ − δρm
]
, (2.152)
and the momentum constraint is
Hα− ϕ˙ = 1
2F
[
δF˙ −
(
H +
3F˙
2F
)
δF − F˙α + ρmv
]
. (2.153)
The shear propagation equation corresponds to
χ˙+Hχ− α− ϕ = 1
F
(δF − F˙χ) , (2.154)
and the Raychaudhuri equation is
κ˙+
(
2H +
F˙
2F
)
κ +
(
3H˙ +
3F¨
F
+
3HF˙
2F
− 3F˙
2
F 2
− k
2
a2
)
α +
3
2
F˙
F
α˙ (2.155)
=
1
2F
[
δρm +
(
6H2 + 6H˙ +
3F˙ 2
F 2
− R+ k
2
a2
)
δF +
(
3H − 6F˙
F
)
δF˙ + 3δF¨
]
.
Finally, the trace equation is
RδF − FδR = −δρm . (2.156)
Chapter 3
Cosmological perturbations in
Palatini-modified gravity
In addition to the standard procedure employed in relativistic perturbation theory for studying
cosmological perturbations, outlined in Sections 2.4, an alternative procedure has recently
been developed. This alternative, put forward by Lue, Scoccimarro and Starkman (LuSS)
[108], employs a generalised version of Birkhoff’s theorem (see also Ref. [109]). This
procedure has the benefit of greatly simplifying the analysis, but suffers from the drawback
that the degree of its applicability in more general settings is presently not known in detail.
Here, the aim is to perform a detailed comparative study of the evolution of perturbations
obtained by employing the LuSS procedure and the direct linearisation of the field equations
[68]. Such a comparison can serve as a crucial step in clarifying the status of the LuSS
approach in non-linear gravity theories. In the following, we consider f(R) theories based
on the Palatini variational method.
3.1 The evolution of density perturbations
In conventional cosmology, there exists an interesting equivalence between the Newtonian
and general relativistic frameworks. Both approaches result in identical background evo-
lution equations (i.e. Friedmann equations) as well as evolution equations for the scalar
perturbations. The former coincidence results from the fact that there is an analogue of
Newton’s sphere theorem in general relativistic settings, i.e., Birkhoff’s theorem holds. The
correspondence for the evolution of perturbations arises in the absence of vector and tensor
fluctuations.
Recently, a procedure has been put forward by Lue, Scoccimarro and Starkman [108]
which relies on the assumption that this Newtonian analogy, including Birkhoff’s theorem,
holds in the more general setting of modified gravity theories. According to this procedure,
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it is assumed that the growth of large-scale structure can be modelled in terms of a uniform
sphere of dust of constant mass, such that the evolution inside the sphere is determined by the
FLRW metric. Using Birkhoff’s theorem, the spacetime metric in the empty exterior is then
taken to be Schwarzschild-like. The components of the exterior metric are then uniquely
determined by smoothly matching the interior and exterior regions.
The overdensity δm(t) of the spherical distribution of pressureless matter with mass M
and radius r is defined by1
1 + δm(t) ≡ 3M
4πρr3
. (3.1)
The matching conditions (relating the Schwarzschild radius, r, to the interior cosmic evolu-
tion) imply that r¨ = r(H2 + H˙) and the evolution of the density perturbation is then given
by [108; 110]
δ¨m + 2Hδ˙m −
(
2H˙ +
H¨
H
)
δm = 0, (3.2)
or, equivalently, by
δm,ττ +Hδm,τ −
(H,ττ
H − 2H,τ
)
δm = 0, (3.3)
where τ ≡ ∫ dt
a(t)
defines the conformal time andH ≡ aH = a˙. Eq. (3.3) can also be derived
by assuming that the continuity and Friedmann equations apply directly to the fluctuations
[109].
Recently, the evolution of perturbations in f(R) gravity was investigated using the LuSS
procedure [108; 111]. The advantage of this approach is that the growth of the density
contrast can be expressed in terms of a single quadrature involving the Hubble parameter
and the scale factor [108]:
δm ∝ H
∫
dt
a2H2
. (3.4)
In principle, therefore, the evolution of the perturbations can be determined once the back-
ground dynamics has been specified. However, the validity of the LuSS procedure has yet
to be established in generalised gravity. It is important, therefore, to compare this approach
with the method that directly linearises the gravitational field equations.
To this aim, let us consider the perturbations defined on constant density hypersurfaces
1While this definition is not related to the gauge invariant combination, Eq. (2.130), it clearly coincides with
the density contrats defined in Eq. (2.136). We therefore choose to keep this notation and note that this will be
of use later when we compare the two approaches for studying density perturbations.
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(δρm = 0) where
δF = δR = 0,
from Eq. (2.156) and Eq. (4.107), and
v˙ = α, κ = 3Hv˙ +
k2
a2
v,
from Eqs. (2.127) and (2.128). Substituting these relations for the subsequent terms in
Eq. (2.155), and using Eq. (2.106) to rewrite R, we obtain
3
(
H +
F˙
2F
)
v¨ +
(
6H2 + 6H˙ +
3F¨
F
+
3HF˙
F
− 3F˙
2
F 2
)
v˙ (3.5)
+
F˙
2F
k2
a2
v = 0 .
It then follows that the evolution equation for comoving matter density perturbations, δm =
3Hv, in a pressureless universe satisfies
δ¨m + c1δ˙m + c2δm = 0 , (3.6)
where
c1 =
2H
1 + F˙ /2HF
[
1 +
(
1− H˙
H2
)
F˙
2HF
− F˙
2
2H2F 2
+
F¨
2H2F
]
, (3.7)
c2 =
H2
1 + F˙ /2HF
[
− H¨
H3
− 2H˙
H2
+
H˙
H2
(
F˙
HF
)2
(3.8)
+
F˙
HF
(
H˙2
H4
− H¨
2H3
− H˙
H2
+
k2
6a2H2
)
− H˙
H2
F¨
H2F
]
.
(3.9)
Eq. (3.6) can be expressed in terms of conformal time such that
δm,ττ + 3H
2FH(FH2 + F,ττ )− 2F 2,τH + F,τF (−2H,τ +H2)
3FH2(2FH + F,τ ) δm,τ (3.10)
−
[
6F 2H2(H,ττ − 2H,τH) + 6F 2,τH(H2 −H,τ )
+F,τF (3H,ττH− 6H2,τ −H2k2) + 6F,ττFH(H,τ −H2)
]
3FH2(2FH + F,τ ) δm = 0.
We will refer to Eqs. (3.3) and (3.10) as the LuSS and KKS (Koivisto and Kurki-Suonio
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[79]) perturbation equations, respectively. We will be interested in identifying the domain
where the equation based on the LuSS procedure provides an accurate description for the
evolution of the perturbations. In the following section, we adopt an analytical approach
with the aim of identifying the general form of the gravitational lagrangian, f(R), for this to
be the case.
3.2 Analytical comparison
A direct comparison between the LuSS equation (3.3) and the KKS equation (3.10) suggests
that the latter should be rewritten in the form
δm,ττ + ξHδm,τ − ζ
(H,ττ
H − 2H,τ
)
δm = 0, (3.11)
where the parameters ξ and ζ are defined by
ξ ≡ 1 + 2FF,ττH− 2F
2
,τH− 2FF,τH,τ
FH2(2FH + F,τ ) , (3.12)
and
ζ ≡ 1 + H
2 −H,τ
H,ττ − 2H,τH(1− ξ)−
F,τH
3(2FH+ F,τ )(H,ττ − 2H,τH)k
2, (3.13)
respectively. The form of Eq. (3.11) implies that the LuSS and KKS equations are equivalent
when ξ = ζ = 1, but it is clear that this occurs only for Einstein gravity where F,τ = 0.
Indeed, the most striking difference is the presence of the gradient term in the KKS equation.
Such a term also arises in the corresponding density perturbation equation derived in the
metric variational approach, as we shall see later in Sec. 4.3. The origin of this term can
be understood from the dynamical equivalence between f(R) Palatini gravity and Brans-
Dicke theory, as expressed in Eq. (2.71). Fluctuations in the pressureless matter induce
perturbations in the scalar field χ (i.e., the Ricci curvature, see Eq. (2.70)), which in turn
generate a pressure gradient in the fluid. In general, the phase speed (see Ref. [112]) of the
fluctuations in the cold dark matter is given by
c2s =
F,τ
3(2FH+ F,τ ) . (3.14)
The magnitude of ξ is independent of k and is therefore unaffected by the specific choice
of scale. However, ζ contains a gradient term which is proportional to k2 and this may be
significant on small scales. Consequently, the evolution of the perturbations will indeed be
different in the two approaches. However, the gradient term becomes negligible in the long-
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wavelength limit (which corresponds formally to k2 → 0). In this limit, a necessary and
sufficient condition for equivalence between the LuSS and KKS equations is that ξ = 1 and
this constraint is satisfied when
FF,ττH− F 2,τH− FF,τH,τ = 0. (3.15)
Eq. (3.15) may be viewed as a second-order, non-linear differential equation for F (τ).
One solution to this equation is that of general relativity with a cosmological constant,
f(R) = R − Λ. More generally, if F,τ 6= 0 and F,ττ 6= 0, we may define a parameter
Y ≡ F,τ/F . This reduces Eq. (3.15) to the remarkably simple form
Y,τ
Y
=
H,τ
H , (3.16)
which admits the integral Y = Y0H, where Y0 is an arbitrary integration constant. This in
turn implies that
F = F0a
Y0, (3.17)
where F0 is a second integration constant.
On the other hand, the trace equation (2.20) for a universe sourced by pressureless matter
reduces to the condition [111]
a ∝
(
2f − R df
dR
)−1/3
. (3.18)
Hence, substitution of Eq. (3.18) into Eq. (3.17) yields a first-order, non-linear differential
equation in the gravitational lagrangian f(R):
(
df
dR
)n(
2f − R df
dR
)
= constant, (3.19)
where n ≡ 3/Y0.
Eq. (3.19) is a particular example of d’Alembert’s equation and may be solved in full
generality [113]. Since we are interested in the functional dependence of the lagrangian on
the Ricci scalar, we may rescale f without loss of generality such that the constant on the
right-hand side of Eq. (3.19) is unity. If we now define the functions
M ≡ 1
2
df
dR
, N ≡ 1
2
(
df
dR
)−n
(3.20)
and denote p¯ ≡ df/dR, Eq. (3.19) can be expressed in the form f(R) = RM(p¯) + N(p¯).
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Differentiating this expression with respect to R then yields
p¯ = M(p¯) +
dp¯
dR
[
R
dM(p¯)
dp¯
+
dN(p¯)
dp¯
]
. (3.21)
However, Eq. (3.21) can be expressed as a linear differential equation in the dependent
variable R and independent variable p¯:
dR
dp¯
− R
p¯
= − n
p¯2+n
. (3.22)
Hence, solving Eq. (3.22) by the method of integrating factors yields the general solution to
Eq. (3.19) in a parametric form:
R = C0P +
n
n+ 2
1
P 1+n
(3.23)
f =
1
2
RP +
1
2P n
, (3.24)
where C0 is an arbitrary integration constant and P is a free parameter.
Eqs. (3.23)-(3.24) represent the general form of the gravitational lagrangian f(R) for
the LuSS and KKS equations to be compatible in the long wavelength limit. It is interesting
that for this class of theories the sound speed of the fluctuations is constant with a numerical
value given by
c2s =
1
3 + 2n
. (3.25)
When C0 = 0, which is equivalent to the asymptotic limit where R is sufficiently small,
the gravitational action depends on a simple power of the Ricci scalar:
f(R) ∝ Rn/(1+n). (3.26)
For this class of theories the Friedmann equation (2.109) reduces to
H2 =
3 + 2n
6n
(
1 +
3
2n
)−2
R, (3.27)
which in turn implies that the background dynamics is given by a power-law solution for the
scale factor, a ∝ H−2n/(3+n) ∝ τ 2n/(3+n). Consequently, the cosmic dynamics is equivalent
to that of a conventional relativistic universe dominated by a perfect fluid with a constant
equation of state. Finally, the parameter ζ simplifies in this case to
ζ = 1− 2n
2
3(1 + n)(3 + n)(3 + 2n)
k2
H2 . (3.28)
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In conclusion, therefore, the above analysis indicates that the LuSS equation should pro-
vide a good approximation to the full evolution equation for the linear density perturbation
on sufficiently large scales in any modified gravity theory that asymptotes in the low-energy
limit to a power-law in the Ricci curvature scalar. On the other hand, for fixed values of n
andH, the LuSS equation becomes progressively less accurate as we move to smaller scales
(i.e. as k increases). In the following section, we will quantify these conclusions further by
performing numerical calculations for a specific class of modified gravity theories.
3.3 Numerical comparison
Motivated by the results of the previous section, we consider the class of gravity theories
defined by
f(R) = R− c
Rb
, (3.29)
where b and c are free parameters whose values are constrained by observations. Such theo-
ries have been considered as possible candidates for explaining the late-time acceleration of
the universe [37; 10; 114]. In particular, a recent study found that data obtained from CMB,
baryon oscillation and large-scale structure observations constrains the parameters (b, c) to
lie in the ranges b ∈ [−0.2, 1.2] and c ∈ [−3.5, 6.6] at the 68% confidence level [10]. The
best-fit model corresponds to the values (b, c) = (0.027, 4.63) and the ΛCDM concordance
model is represented by (b, c) = (0, 4.38). These values are consistent with the results of
other studies that employ CMB and supernovae data [111].
For the above choice of parameters, we have made a detailed comparative study of the
evolution of the density perturbations for both the LuSS equation (3.3) and the KKS equa-
tion (3.10). The results of such a comparison can be quantified by defining a ‘fractional
difference’ parameter
∆ ≡ δ
LuSS
m − δKKSm
δKKSm
, (3.30)
where subscripts ‘LuSS’ and ‘KKS’ refer to the results obtained using the LuSS and KKS
equations, respectively. Thus, the two approaches are completely identical when ∆ = 0.
This parameter is defined in such a way that the difference between the two approaches is of
the same order as the KKS approach when ∆ ≃ O(1). To a first approximation, therefore, it
is reasonable to suppose that the LuSS equation becomes unreliable when ∆ ≈ 1.
There are three physical parameters in the field equations whose values need to be spec-
ified in the numerical integrations. These are Ωm0, R0 and H0, where a subscript zero indi-
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cates present-day values and Ωm is the normalised matter energy density2. However, only
two constraint equations are available, corresponding to the Friedmann equation (2.109) and
the trace equation (2.107). In order to be consistent, therefore, we specify the value of H0
to be unity, as is the usual practice (see, e.g., [111]). We then use the constraint equations
(2.107) and (2.109) to determine Ωm0 and R0. The choice of Eq. (3.30) implies that the ini-
tial value of the perturbation δm is unimportant. Finally, we need to specify the scale of the
perturbations. By fixing the wavenumber at a particular value, one focuses on perturbations
that entered the horizon at a particular epoch. For illustrative purposes we consider the val-
ues k = 5 and k = 20, corresponding to scales which remain within the horizon throughout
our numerical evolution.
The left hand panel of Fig. 3.1 illustrates the evolution of ∆ when c = 4.38 and k = 5,
with b taking values in the range b ∈ [0, 1]. As expected, ∆ = 0 for the ΛCDM concordance
model (given by b = 0), since it is known that the LuSS equation is exact in this case. On the
other hand, increasing the value of b causes the behaviour of the two approaches to deviate
and the quantitative difference becomes more pronounced as b is increased.
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Figure 3.1: Illustrating how the fractional difference parameter, ∆, varies with the nor-
malised scale factor a as b is increased. Here c = 4.38 and values of b are assigned to each
curve. The case b = 0 corresponds to the ΛCDM model. The left hand panel corresponds to
k = 5 whereas the right hand panel corresponds to k = 20.
We have verified that these results remain qualitatively similar when the parameter values
lie in the ranges b ∈ [−0.2, 1.2] and c ∈ [−3.5, 6.6], respectively. An important outcome of
these results is that for values of the parameters consistent with recent observations, the
agreement between the LuSS and KKS approaches is good in the sense that ∆ < 0.1 for
b < 0.2. This implies that the LuSS equation provides a good approximation to the full
(linear) perturbation theory (for this value of k). This can be understood by noting that
observations constrain theoretical models to lie close to the ΛCDM point, where it is known
2Note that in modified gravity theories of the type considered here, this parameter need not necessarily be
unity in a spatially flat universe.
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that the LuSS equation is exact.
Further inspection of the left hand panel of Fig. 3.1 indicates that as the value of b is
increased, the models take longer to move away from the ΛCDM point∆ = 0, but those with
smaller values of b subsequently find it easier to approach ∆ = 0 at later times. We may gain
further insight into the origin of this behaviour by investigating the evolution of the quantity
Q ≡ 1− F . This vanishes at all times for Einstein gravity but is given by Q = −bcR−(1+b)
for the class of models (3.29). This parameter therefore provides a measure of the deviation
away from general relativity. Our numerical calculations indicate that initially R ≈ O(103)
and, consequently for larger values of b, the scale factor must grow to a larger value before
the Ricci scalar has fallen sufficiently for the correction term Q to become dynamically
significant. In other words, the onset of acceleration occurs at later times for larger b. On
the other hand, the correction term in f(R) that is proportional to R−b will become more
important as the universe expands. The analysis of Sec. 3.2 then indicates that the accuracy
of the LuSS equation will improve as f(R) asymptotes to a power-law form. Consequently,
∆ will begin to decrease back to zero at later times.
We find qualitatively similar behaviour at larger values of k. The right hand panel of Fig.
3.1 illustrates the corresponding evolution of ∆ when k = 20. As expected, models with
lower values of b move away from the ∆ = 0 point at smaller values of the scale factor.
The model with the lowest non-zero value of b = 0.2 crosses the solutions for b = 0.4 and
b = 0.6. This can be understood from Eq. (3.28), which implies that the magnitude of ζ
depends on the ratio k2/H2 = k2/a˙2. At a formal level, therefore, increasing the value of k
is equivalent to ending the numerical calculation at a fixed k but with a smaller value for the
scale factor.
However, the quantitative agreement between the solutions of the LuSS and KKS equa-
tions is poor when k = 20 and ∆ rapidly exceeds unity in this case. This discrepancy arises
primarily because the deviation of the parameter ζ away from unity is more pronounced at
larger k. Fig. 3.2 illustrates the evolution of ζ for the different values of k.
3.4 Summary
In this chapter, we have studied the evolution of density perturbations in generalised theories
of gravity where the field equations are derived via the Palatini variational approach [68]. We
focused on models where the energy-momentum tensor is sourced by a pressureless perfect
fluid. Two approaches to the study of density perturbations have recently been developed in
the literature [79; 108; 109]. These involve, respectively, an application of Birkoff’s theorem
to modified gravity (the LuSS method) and the linearisation of the full field equations (the
KKS approach). In the former case, the evolution of the perturbations is determined entirely
by the background dynamics and no pressure gradients are present in the perturbation evo-
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Figure 3.2: Illustrating the evolution of the parameter ζ defined by Eq. (3.13) in the text
for the parameter values k = 5 (left panel) and k = 20 (right panel). The LuSS procedure
for the evolution of the perturbations becomes progressively less accurate as the deviation of
this quantity from unity becomes more pronounced.
lution equation. However, such terms do arise in the linearisation approach, which takes
into account the fact that perturbations in the fluid induce fluctuations in the Ricci curvature,
which in turn modify the sound speed of the fluctuations in the matter.
In the long-wavelength limit, these gradient terms are negligible. We have identified
the most general f(R) theory of gravity, as summarised in Eqs. (3.23) and (3.24), for the
LuSS and KKS approaches to be equivalent in this limit. A particular case of this class
of theories arises when f(R) is a simple power law of the Ricci curvature scalar. This is
interesting because such terms are expected to arise as corrections to the Einstein-Hilbert
action at low energies. Furthermore, theories of this type result in a background scaling
solution, in the sense that the homogeneous dynamics is equivalent to that of a conventional
relativistic cosmology where the pressure and energy density of the perfect fluid redshift at
the same rate [68]. It would be interesting to explore whether this scaling behaviour is a
necessary condition for compatibility between the LuSS and linearisation methods in more
general theories of modified gravity. For example, a power-law cosmology arises in the
Palatini variation of Ricci squared gravity, where f ∝ (RµνRµν)n/2 [115].
We numerically investigated a specific class of power-law theories of the type (3.29) and
compared the LuSS and KKS approaches on smaller scales where gradient terms become
significant. We found that when the parameters of the underlying theory take values that are
consistent with cosmological observations, the LuSS procedure provides a reasonably good
approximation to the complete linearised theory if k is not too large (i.e. of the order of a few
or less). However, the agreement between the two approaches soon breaks down on smaller
scales [68].
Chapter 4
Density perturbations in f (R) gravity
theories in metric and Palatini
formalisms
In this chapter we make a detailed study of the viability of f(R) gravity theories in the
context of both metric and Palatini variational formalisms. In each case, we first summarise
the constraints provided by the requirements of stability and viable background dynamics,
and then proceed to discuss the constraints provided by local gravity constraints (LGC).
Compatibility of f(R) theories with LGC in the metric formalism requires the use of a
chameleon mechanism, which we briefly review in the following section before deriving the
resulting bounds on the f(R) models.
Despite the importance of these constraints in limiting the range of viable f(R) models,
the study of density perturbations allows for more stringent constraints to be placed on the
parameters of the models. We thus study the evolution of density perturbations and the re-
sulting observational consequences for f(R) theories in both metric and Palatini formalisms.
In exploring the evolution of scalar perturbations we utilise a sub-horizon type approxi-
mation, under which approximate perturbation equations are derived. In the metric approach,
where the oscillating (so-called scalaron) mode [116] is present, this approximation can be
invalid if the scalaron is overproduced in the early Universe. However, as long as the scalaron
is sub-dominant relative to a matter induced mode, we shall show that approximate pertur-
bation equations can be valid even for the super-Hubble modes in the models that satisfy
LGC. The approximation is especially reliable in the Palatini case because of the absence
of scalarons [69]. The simplicity of the equations derived facilitates the estimation of the
growth rate of perturbations both analytically and numerically.
Using these equations we make a comparative study of the behaviour of matter density
perturbations in both formalisms, for a number of classes of f(R) models satisfying the
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LGC as well as the background constraints [69]. These include viable f(R) models recently
proposed in the literature [116; 117].
4.1 LGC and cosmological viability in the metric formal-
ism
The effective Newtonian gravitational coupling, GeffN , in the Brans-Dicke theory (2.44) can
be derived under a weak-field approximation, by considering a spherically symmetric body
with a mass M⋆ of constant density ρ and a radius ℓ⋆ in the vacuum (ρ = 0). Decomposing
the field, φ, into background and perturbation parts (φ = φ0+δφ) and using a linear perturba-
tion theory in the Minkowski background with a perturbation hµν , the effective gravitational
coupling is given by [118]:
GeffN =
GN
φ¯
(
1 +
e−Mℓ
3 + 2ωBD
)
, (4.1)
where ℓ is a distance from the centre of the body and the effective scalar field mass squared
is defined to be [118; 119; 120]
M2 ≡ 1
3 + 2ωBD
(
φ¯
d2V
dφ¯2
− dV
dφ¯
)
, (4.2)
where φ¯ is a local field in Minkowski spacetime. We should emphasise here that the expres-
sion (4.1) is only valid subject to the condition Mℓ⋆ ≪ 1 [119; 120]. The definition of the
effective scalar field mass, M , comes from writing the linear expansion of the scalar field
equation of motion (2.46) in the form of the Klein-Gordon equation
[∇2 −M2]φ¯ = −8πGN
3
ρ.
In the usual Brans-Dicke theory where V (φ) = 0 and ωBD 6= −32 , the mass (M) vanishes
because φ propagates freely. Consequently, the Yukawa-correction term, e−Mℓ, in Eq. (4.1)
becomes 1, in which case the Brans-Dicke parameter, ωBD, is constrained by local gravity
experiments to be larger than 40000 [45; 46]. An alternative way to understand this bound
is to consider the Eddington parameter, γ, which in the usual Brans-Dicke case is given by
[118]
γ =
1 + ωBD
2 + ωBD
. (4.3)
To satisfy the local gravity constraint (1.1), the parameter ωBD is required to be larger than
40000. As was mentioned in Sec. 1, this constraint does not necessarily apply to f(R) gravity
4.1: LGC and cosmological viability in the metric formalism 63
theories where the presence of a field potential can make such theories compatible with local
gravity constraints under certain conditions.
In the presence of a potential, V (φ), the scalar field is massive. If the scalar field mass
is large, it can happen that the condition for the applicability of linear perturbation theory
(δφ ≪ φ0) becomes invalid. Moreover, this validity depends on the distribution of scalar-
field mass inside and outside the body. When the mass in the region ℓ < ℓ⋆ is much larger
than the corresponding mass in the region ℓ > ℓ⋆, a “thin-shell” can be formed inside the
body so as to satisfy local gravity constraints through a Chameleon mechanism1 [47]. The
formation of the thin-shell occurs in a non-linear region in which the above linear result (4.1)
ceases to be valid [119].
An important point to note here is that the Palatini formalism, corresponding to ωBD =
−3
2
, is rather special in a number of fundamental ways. For example, we recall that the φ-
field’s kinetic term in Eq. (2.46) vanishes in this case, whereas it is non-zero in the metric case
with ωBD = 0. As we shall see below this has the important consequence that the oscillatory
scalaron mode is absent in f(R) theories based on the Palatini formalism, whereas it is
present in all other models with ωBD 6= −32 , including f(R) theories based on the metric
formalism.
Furthermore, as ωBD approaches−32 , the scalar field mass, M , diverges for finite potential-
dependent terms in the parenthesis of Eq. (4.2). For theories with ωBD 6= −32 , the scalar field
mediates a “fifth-force” with an interaction range M−1. Because the mass, M , defined in
Eq. (4.2) becomes singular as ωBD approaches −32 , the usual notion of an interaction range
determined by the mass, M , does not hold in the Palatini formalism. Therefore, the Palatini
case should be treated separately compared to the other theories with ωBD 6= −32 .
Before we proceed to discuss the constraints provided by LGC, we review the back-
ground cosmological dynamics in f(R) gravity.
4.1.1 Background cosmological dynamics
The study of the background cosmological evolution for f(R) theories in the metric formal-
ism has been carried out in Ref. [43]. In order to study the background dynamics, it is useful
1A Chameleon mechanism is one by which a scalar field can obtain a mass that is greater in high-density
regions than in sparse ones. In a spherically symmetric body of constant energy density this leads to the
scalar field, φ, being nearly constant everywhere inside the body apart from in a small surface region (as will
be demonstrated in Sec. 4.1.2). This means that ∇φ vanishes everywhere apart from in this thin surface layer.
Since the force mediated by φ is proportional to∇φ, it is only this “thin-shell” that both feels and contributes to
the fifth-force mediated by φ (note that there exists strong solar system bounds on the fifth-force). Furthermore,
since the chameleon field couples to a small fraction of matter of the large body, the Chameleon force is weak.
Thus, through a Chameleon mechanism it is possible to evade stringent solar system tests [48].
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to define the following dimensionless variables
x1 = − F˙
HF
, x2 = − f
6FH2
, x3 =
R
6H2
=
H˙
H2
+ 2 . (4.4)
In terms of these variables, the energy fraction Ωm of the pressureless matter and the effective
equation of state, weff , are given by
Ωm ≡ ρm
3FH2
= 1− x1 − x2 − x3 , weff ≡ −1− 2
3
H˙
H2
= −1
3
(2x3 − 1) . (4.5)
To study the background dynamics, it is also useful to define the parameters m and r [43].
The parameter m, defined as
m ≡ Rf,RR
f,R
, (4.6)
characterises the deviation from the ΛCDM model. In the ΛCDM case, m = 0. The param-
eter r is defined as
r ≡ −Rf,R
f
=
x3
x2
. (4.7)
The cosmological behaviour of f(R) models can be understood by studying m(r) curves in
the (r, m) plane.
The background evolution equations (2.90), (2.100) and (2.101) can now be expressed as
dx1
dN
= −1− x3 − 3x2 + x21 − x1x3 , (4.8)
dx2
dN
=
x1x3
m
− x2(2x3 − 4− x1) , (4.9)
dx3
dN
= −x1x3
m
− 2x3(x3 − 2) , (4.10)
where N ≡ ln(a) is the number of e-foldings. For later use we also introduce the variable
x4 ≡ aH , which satisfies
dx4
dN
= (x3 − 1)x4 . (4.11)
The critical points of the autonomous system (4.8)-(4.10) include [43]
Pm : (x1, x2, x3) =
(
3m
1 +m
,− 1 + 4m
2(1 +m)2
,
1 + 4m
2(1 +m)
)
, (4.12)
weff = − m
1 +m
, Ωm = 1− m(7 + 10m)
2(1 +m)2
,
which corresponds to a matter epoch. Since m (which characterises the deviation from
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ΛCDM) needs to be much smaller than unity during the matter era, the critical point, Pm, be-
comes Pm : (x1, x2, x3) ≃ (0,−12 , 12) for viable f(R) models. The fixed point corresponding
to a de-Sitter phase is given by
Pds : (x1, x2, x3) = (0,−1, 2) , weff = −1 , Ωm = 0 . (4.13)
In the (r,m) plane the matter fixed point corresponds to Pm : (r,m) ≈ (−1, 0). In
order to have a saddle matter era followed by a phase of late-time acceleration, the following
conditions must hold [43]
m > 0 , −1 < dm
dr
< 0 , at (r,m) ≈ (−1, 0) . (4.14)
The de-Sitter fixed point, Pds, lies on the line r = −2. It is stable provided that
0 < m ≤ 1 , at r = −2 . (4.15)
If the conditions (4.14) and (4.15) are satisfied, an m(r) curve exists which connects the
matter fixed point to the de-Sitter fixed point, leading to viable cosmological dynamics.
There are a number of models in the literature that satisfy the above cosmological con-
straints. Examples include
(i) f(R) = α(Rb − Λ)c with c ≥ 1, bc ≈ 1 [121], and
(ii) f(R) = R− αRβ with α > 0 and 0 < β < 1.
For these models, the parameters m and r satisfy the relation m = C(−r − 1), where C is a
positive constant. Using observational constraints on the background dynamics from SN Ia
and the sound horizon of the CMB, the parameter m has been constrained to be m < O(0.1)
[122].
4.1.2 LGC and the chameleon mechanism
If information from local gravity constraints is also included, the bounds on the model pa-
rameters become very strong. The usual procedure to determine the LGC for f(R) theories
is to consider their Brans-Dicke representations (2.62), and expand the equations of motion
around a background Minkowski metric [118]. As was shown in Sec. (2.2.2), f(R) theories
in the metric approach correspond to Brans-Dicke theories with ωBD = 0,
φ = F (R) and V (φ) = R(φ)F − f(R(φ)) . (4.16)
To define the potential, V (φ), in this way, we require F to be invertible. This invertibility is
generally associated with the condition f,RR 6= 0 [119]. Using the correspondence given in
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Eq. (4.16), the scalar field mass defined in Eq. (4.2) becomes
M2 =
1
3
(
f,R
f,RR
− R
)
. (4.17)
If M2 < 0, the Yukawa correction, e−Mℓ, is replaced by an oscillating function cos(|M |ℓ).
For very light fields, which represent long-range interactions, this case is excluded by the
experimental requirement that the Eddington parameter [118]
γ =
3− e−Mℓ
3 + e−Mℓ
≈ 1. (4.18)
Hence, the mass squared (M2) is required to be positive.
For consistency with local gravity experiments (which require ωBD > 40000) a large
mass, M , is needed. In that case, however, the effective gravitational coupling (4.1) obtained
under the linear approximation ceases to be valid. As was already mentioned above, a thin-
shell begins to form through a chameleon effect in this non-linear regime. To consider this
chameleon effect in f(R) gravity, it is convenient to write the theories as Einstein gravity
minimally coupled to a scalar field. For this purpose it is useful to define a new metric (as
we did in section 2.2.2) thus:
g˜ab = φgab , φ = e
−2Qϕ . (4.19)
(We recall that a quantity or operator in the Einstein frame is denoted with a tilde). The
Einstein frame action then takes the form (2.67):
SE =
∫
d4x
√
−g˜
[
1
2
R˜ − 1
2
(∇˜ϕ)2 − U(ϕ)
]
+ Sm(g˜abe
2Qϕ, ψm) , (4.20)
where the coupling, Q, in f(R) models and the potential, U , are given by
Q = − 1√
6
, U =
R(φ)φ− f
2φ2
. (4.21)
We recall that in the Einstein conformal frame the energy-momentum tensor is not covari-
antly conserved, but instead satisfies
∇˜aT˜ ab = QT˜ ∇˜b ϕ , (4.22)
where T˜ = e4QϕT and T = gµνTµν , with Tµν being the energy-momentum tensor of matter
in the Jordan frame. This implies that matter will generally feel a so-called “fifth-force” due
to gradients in the field ϕ.
A Chameleon mechanism can be realised in scalar-field theories of the type (4.20), pro-
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vided the potential holds certain properties (see Ref. [48] for more details). In these cir-
cumstances, the f(R) theories would admit a chameleon mechanism. In general, Q, which
parametrises the strength of the coupling of the matter-fields ψm to the field ϕ, could take
any value. However, in the case of f(R) theories Q is fixed to be − 1√
6
.
1. The thin-shell condition
Theories which possess a Chameleon mechanism do not behave like usual linear theories of
massive scalar fields. In circumstances where massive bodies are involved, the chameleon
field is trapped inside these bodies and its influence (on other bodies) is only apparent due
to a thin-shell on the outer edge of the massive body [47; 117; 119; 123; 124]. As a result,
the field outside the massive body for distances less than the range of the chameleon force in
the outer vacuum is effectively damped. This leads to a shielded fifth-force, which becomes
undetectable [125]. In this section, we derive the conditions required for a thin-shell to form.
Under these conditions the f(R) theories become compatible with LGC.
Let us consider the Einstein frame action (4.20). The variation of this action with respect
to ϕ leads to the following equation of motion
˜ϕ− U,ϕ = −QT˜ . (4.23)
In a spherically symmetric setting with an energy density ρ ≡ −T , the field, ϕ, satisfies the
following equation [123]:
d2ϕ
dℓ˜2
+
2
ℓ˜
dϕ
dℓ˜
=
dUeff
dϕ
, (4.24)
where ℓ˜ is the distance from the centre of symmetry in the Einstein frame and
Ueff(ϕ) = U(ϕ) + e
Qϕρ∗ . (4.25)
Here we have introduced an energy density ρ∗ which is conserved in the Einstein frame (i.e.,
ρ∗ℓ˜3 =constant) and is related to the energy density ρ in the Jordan frame via the relation
ρ∗ = e3Qϕρ [47].
We consider a configuration in which the spherically symmetric body has a constant
energy density ρ∗ = ρ∗A inside the body (ℓ˜ < ℓ˜⋆ ≡ e−Qϕℓ⋆). The energy density outside the
body (ℓ˜ > ℓ˜⋆) is given by ρ∗ = ρ∗B , which is much smaller than ρ∗A. The mass of this body is
then given by
M⋆ =
4πℓ3⋆ρA
3
=
4πℓ˜3⋆ρ
∗
A
3
. (4.26)
Let us denote the field value at the minimum of the effective potential Ueff(ϕ), corresponding
4.1: LGC and cosmological viability in the metric formalism 68
to the density ρ∗A (ρ∗B), by ϕ = ϕA (ϕ = ϕB). That is, they are defined by
U,ϕ(ϕA) +Qe
QϕAρ∗A = 0 , (4.27)
U,ϕ(ϕB) +Qe
QϕBρ∗B = 0 .
Under the condition ρ∗A ≫ ρ∗B the mass squared m2A ≡ U ′′eff(ϕA) is much larger than m2B ≡
U ′′eff(ϕB).
Imposing appropriate boundary conditions at ℓ˜ = 0 and ℓ˜ = ℓ˜⋆ (see Appendix A.2 for
more details), the solution to Eq. (4.24) in the region ℓ˜ > ℓ˜⋆ can be approximated by [47; 119]
ϕ(ℓ˜) ≃ −Qeff
4π
M⋆e
−mB(ℓ˜−ℓ˜⋆)
ℓ˜
+ ϕB , (4.28)
where
Qeff ≡ 3Q∆ℓ˜⋆
ℓ˜⋆
,
∆ℓ˜⋆
ℓ˜⋆
≃ ϕB − ϕA
6QΦ⋆
and Φ⋆ =
GNM⋆
ℓ˜⋆
. (4.29)
A thin-shell is developed under the condition ∆ℓ˜⋆/ℓ˜⋆ ≪ 1. In this case the effective coupling
|Qeff | becomes much smaller than unity so that the models can be consistent with LGC, even
if |Q| itself is of the order unity.
2. Constraints from solar system tests
The presence of the fifth-force interaction, mediated by the field ϕ, leads to a modification
to the spherically symmetric metric. Under the weak-field approximation, the spherically
symmetric metric in the Jordan frame is given by [123; 124]
ds2 = −
(
1− 2G
eff
N M⋆
ℓ
)
dt2 +
(
1 +
2γGeffN M⋆
ℓ
)
dℓ2 + ℓ2(dθ2 + sin2 θdϕ2) , (4.30)
where the effective gravitational coupling, GeffN , and the Eddington parameter, γ, are given
by
GeffN ≃ GN
[
1−
√
6
3
Qeffe
−mB(ℓ−ℓ⋆)
]
(4.31)
and
γ ≃ 1 + (
√
6Qeff/3)(1 +mBℓ)e
−mB(ℓ−ℓ⋆)
1− (√6Qeff/3)e−mB(ℓ−ℓ⋆)
. (4.32)
Note that in writing these expressions we have used the approximation ℓ˜ ≃ ℓ that is valid in
the region |Qϕ| ≪ 1.
Provided that the condition mBℓ ≪ 1 holds in the environment where local gravity
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experiments are carried out, we have
γ ≃ 1 +
√
6Qeff/3
1−√6Qeff/3
. (4.33)
Hence, if |Qeff | is much smaller than unity through the chameleon mechanism, it is possible
to satisfy the severest solar system constraint presented in Eq. (1.1). Using the thin-shell
parameter, this bound translates into
∆ℓ⋆
ℓ⋆
<
4.7× 10−6
|Q| . (4.34)
If the body does not have a thin-shell for |Q| of the order of unity, the condition (1.1) is not
satisfied.
3. Models that satisfy LGC
Models that satisfy the thin-shell condition have recently been proposed by (i) Hu & Sawicki
[117], and (ii) Starobinsky [116]:
(i) f(R) = R− λRc (R/Rc)
2n
(R/Rc)2n + 1
, (4.35)
(ii) f(R) = R− λRc
[
1−
(
1 +
R2
R2c
)−n]
, (4.36)
where n, λ and Rc are positive constants. In both models the cosmological constant dis-
appears in a flat spacetime, i.e., f(R = 0) = 0. Note that Rc is roughly of the order of
the present cosmological Ricci scalar, R0, for n = O(1) and λ = O(1). In high curvature
regimes, R≫ Rc, these models behave as
f(R) ≃ R − λRc
[
1−
(
Rc
R
)2n]
, (4.37)
with
m ≃ C(−r − 1)2n+1 , (4.38)
where C is a positive constant, and m and r are defined in Eqs. (4.6) and (4.7), respectively.
Thus, they are very close to the ΛCDM model with suppressed values of m during matter
and radiation eras (r ≃ −1).
In the regimes R≫ Rc one can show that the term |ϕB−ϕA| in Eq. (4.29) is of the order
of m(RB) for n = O(1), where RB is the Ricci scalar in the neighbourhood of ϕB (which
is generally much larger than Rc in an environment where local tests of gravity are carried
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out). Hence the thin-shell is developed under the condition
m(RB)≪ Φ⋆ . (4.39)
This can be regarded as a criterion for the compatibility with local gravity constraints. In the
case of the Earth, the condition (4.39) corresponds to m(RB)≪ Φ⋆ ∼ 10−9. Since Φ⋆ ≪ 1
in most local gravity experiments, the parameter m is constrained to be much smaller than
unity in the region where the Ricci scalar RB is much larger than its present cosmological
value (R0 ∼ Rc).
Cosmologically the condition (4.39) implies that viable models need to be very close to
the ΛCDM model during the radiation and matter dominated epochs (R ≫ R0). However,
deviations from the ΛCDM model are allowed at around the present, accelerated epoch (R ∼
R0). Thus, for viable models, the parameter m is negligibly small during the radiation and
matter eras, but continues to grow up to the present epoch.
For theories of the type (4.37) the corresponding Brans-Dicke field φ ≡ F (R), the po-
tential V (φ) [defined in Eq. (2.63)] and the mass squared are given by
φ ≃ 1− 2nλ(Rc/R)2n+1 , (4.40)
V (φ) ≃ λRc
[
1− (2n+ 1)
(
1− φ
2nλ
) 2n
2n+1
]
, (4.41)
M2 ≃ Rc
3(2n+ 1)
(2nλ)
1
2n+1 (1− φ)− 2n+22n+1 , (4.42)
which in the limit R
Rc
→ ∞ become: φ → 1, V (φ) → λRc and M2 → ∞, respectively.
In these regimes the field is fixed around φ = 1 due to the presence of a ρ-dependent term.
When R decreases to the order of Rc, the field begins to evolve along the potential V (φ) with
a lighter mass M which is not very much different from Rc. Therefore, in the Brans-Dicke
description, the departure from the point φ = 1 amounts to a deviation from the ΛCDM
model.
The models (4.35) and (4.36) are constructed to satisfy the stability conditions
f,R > 0 , f,RR > 0 , for R > R1 (> 0) , (4.43)
where R1 is the value of the curvature scalar at the late-time de-Sitter point. The first con-
dition is required to avoid repulsive gravity, whereas the second ensures the absence of
tachyons or ghosts. The second condition is also required for consistency with LGC (as
discussed above) as well as to ensure the stability of density perturbations [39] (as we shall
see below). We also note that the requirements (4.39) and (4.43) are entirely consistent with
the condition 0 < m(R) ≪ 1 derived in Ref. [43] which is necessary for the existence of a
standard matter era.
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To summarise, the conditions (4.39) and (4.43), together with the existence of the de-
Sitter point (4.15), are required for the viability of f(R) models in the metric formalism.
The condition for the existence of the saddle matter era given in Eq. (4.14) is automatically
satisfied under the requirements (4.39) and (4.43).
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4.2 LGC and cosmological viability in the Palatini formal-
ism
Before we consider the local gravity constraints, we review the background dynamics of
Palatini f(R) gravity.
4.2.1 Background cosmological dynamics
The background cosmological evolution of f(R) theories in the Palatini formalism has been
studied in Ref. [10]. By introducing dimensionless variables, the cosmological equations
(2.90), (2.105) and (2.108) were written as a plane autonomous system. It was shown that
equilibrium points corresponding to radiation (Pr), matter (Pm) and de-Sitter (Pds) epochs
exist irrespective of the form of f(R), provided that the function
C(R) = −3 (FR− 2f)F,RR
(FR− f)(F,RR− F ) (4.44)
is well-behaved (i.e., it does not show discontinuous or divergent behaviour). Note that effec-
tive equations of state corresponding to points Pr, Pm and Pds are given by weff = 13 , 0,−1,
respectively. It can be seen from Eq. (2.107) that the de-Sitter point, Pds, corresponds to
FR− 2f = 0, in which case C(R) = 0. Furthermore, this implies that the de-Sitter solution
exists on the line r = −2, which is the same as in the case of the metric approach.
The stability of the equilibrium points Pr, Pm and Pds was also studied in Ref. [10] by
obtaining the eigenvalues of the Jacobian matrix for perturbations around each point. The
eigenvalues of the point Pds are (λ1, λ2) = (−3−C(R),−4−C(R)), which implies that the
de-Sitter point on the line r = −2 is always a stable attractor. This situation is different from
the metric case in which the stability of the de-Sitter point requires the additional condition
0 < m(r = −2) ≤ 1. The stability of the radiation and matter points, on the other hand,
depends upon the particular f(R)models chosen. The eigenvalues corresponding to the point
Pr are: (λ1, λ2) = (4 + C(R), 1) and those corresponding to the point Pm are: (λ1, λ2) =
(3 + C(R),−1). Consequently, the models with C(R) > −3 give rise to an unstable node
for Pr and a saddle point for Pm. Hence, models satisfying the condition C(R) > −3 lead
to a sequence of radiation, matter and de-Sitter epochs.
As an example, let us consider the following model [37; 126]
f(R) = R− µ
2(n+1)
Rn
, (4.45)
where µ and n are constants. In this case one has C(R) = 3n in the regime Rn+1 ≫ µ2(n+1),
which means that a successful background trajectory is realised for n > −1. Note that a
stable de-Sitter solution exists with R1+n1 = (2 + n)µ2(n+1) and C(R) = 0. Obviously
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the constraints for a successful trajectory, at least at the background level, are not so severe
compared to the metric formalism. Indeed, one does not even require the condition m > 0
for the existence of a viable matter era.
4.2.2 Local gravity constraints
The usual determination of the interaction range in terms of the inverse mass, M−1, can
not be applied to the case ωBD = −32 . In order to study the LGC, therefore, one needs
to proceed in a different way [118]. From the trace equation (2.20) we note that the field
φ = F (R) depends on the value of the trace T , i.e., φ = φ(T ). We will therefore expand
the field around the vacuum: φ(T ) = φ0 + (∂Tφ0)T + · · · , where φ0 = φ(T = 0) and
T ≈ −ρ[1 − O (v2/c2)]. (Note that we use the non-relativistic approximation here under
which the velocity, v, of matter is much smaller than the speed of light c). Carrying out a
post-Newtonian expansion around the Minkowski vacuum (gµν = ηµν + hµν) in the solar
system then implies that the solutions for the second-order perturbation equations are given
by [118]
h
(2)
00 ≃
2GeffN M⊙
ℓ
− V0
6φ0
ℓ2 + log
(
φ
φ0
)
, (4.46)
h
(2)
ij ≃
[
2γGeffN M⊙
ℓ
+
V0
6φ0
ℓ2 − log
(
φ
φ0
)]
δij , (4.47)
where V0 = V (φ0). The effective gravitational coupling and the post-Newtonian (Eddington)
parameter are
GeffN =
G
φ0
(
1 +
MV
M⊙
)
, γ =
M⊙ −MV
M⊙ +MV
, (4.48)
where M⊙ and MV are given by
M⊙ =
∫
d3x ρ(t, x)
φ0
φ
, MV = φ0
∫
d3x
(
V0
φ0
− V
φ
)
, (4.49)
and ρ is the energy density of the Sun.
To ensure compatibility with LGC, three conditions must be satisfied [118]:
(i) |MV | ≪ |M⊙| ,
(ii) |V0 ℓ2/φ0| ≪ 1 ,
(iii) the contribution of the term log (φ/φ0) must be negligible.
The first condition arises from the experimental requirement γ ≈ 1. Since it is not easy
to interpret this requirement directly, we shall elucidate this by considering a specific f(R)
4.2: LGC and cosmological viability in the Palatini formalism 74
model later. Concerning condition (ii), setting T = 0 in Eq. (2.20) and using (4.16) to obtain
V0 = f(R0) translates this condition into∣∣∣∣ f(R0)f,R0(R0)
∣∣∣∣ℓ2 ≪ 1 . (4.50)
When the deviation from the ΛCDM model is small, the term f(R0)
f,R0 (R0)
is of the order of
the present cosmological Ricci scalar R0 ∼ H20 . Hence, on scales of the solar system this
condition is well satisfied.
Regarding condition (iii), the presence of the term log (φ/φ0) in Eqs. (4.46) and (4.47)
leads to an additional acceleration of particles that should be small in order to be consis-
tent with experiments. From the validity of the classical Euler equation, the condition (iii)
translates to [118]∣∣∣∣ρs∂φ/∂Tφ
∣∣∣∣≪ 1 , (4.51)
where ρs is the energy density of the local structure. This implies that the field, φ(T ), should
not have a strong dependence on T . Using the relations T = 2V − φV,φ and φV,φφ − V,φ =
f,R/f,RR − R, this condition translates to∣∣∣∣ ρs/f,Rsf,Rs/f,RsRs − Rs
∣∣∣∣≪ 1 , (4.52)
where Rs is the Ricci scalar corresponding to the local structure. It is sometimes useful to
rewrite this condition in terms of the variable m defined in (4.6) thus:∣∣∣∣ 1m(Rs) − 1
∣∣∣∣≫ 1f,Rs
ρs
Rs
. (4.53)
When |m(Rs)| ≪ 1, this is well satisfied since both f,Rs and ρs/Rs are of the order of unity.
Note that this constraint is not so restrictive compared to the metric formalism. This can
be understood by recalling that in the Palatini case the field is non-dynamical without an
interaction range. In the metric formalism one needs a large scalaron mass, M , to satisfy the
thin-shell condition, which leads to a very small value of m(Rs) satisfying Eq. (4.39). We
also note that in the Palatini case the condition f,RR > 0 is not required in order to satisfy
LGC.
As a concrete example, let us apply the above constraints to the theories given by Eq.
(4.45) with n > −1. In order to give rise to a late-time acceleration, µ needs to be of the
order of the present Hubble radius H0. The field, φ, and the potential, V (φ), defined in
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Eq. (4.16) are in this case given by
φ = 1 + n
(
µ2
R
)n+1
, (4.54)
V (φ) = (n + 1)µ2
(
µ2
R
)n
= (n+ 1)µ2
(
φ− 1
n
) n
(n+1)
. (4.55)
Now in the de-Sitter case [vacuum (T = 0)], the solution R0 satisfies
F (R0)R0 − 2f(R0) = 0 , (4.56)
which for the model (4.45) gives
R0 = (n+ 2)
1
(n+1)µ2 , (4.57)
and
φ0 =
2(n+ 1)
n+ 2
, V0 =
n + 1
(n+ 2)
n
(n+1)
µ2 . (4.58)
In settings where local gravity experiments are carried out, the parameter ǫ ≡ µ2
Rs
∼ ρ0
ρs
is
much smaller than unity. For example, if we take the mean density ρs = 10−11 g/cm3 and
use the typical values µ2 ∼ H20 ∼ ρ0 = 10−29 g/cm3 and Rs ∼ ρs, then ǫ is of the order of
10−18.
When n > 0, then in the limit ǫ → 0, we have φ → 1 and V (φ) → 0. Thus, in the
expression for MV given in Eq. (4.49) the term V0φ0 dominates over the term Vφ . This implies
that
MV ≈
∫
d3xV0 ≈
∫
d3xµ2 and M⊙ ≈
∫
d3x ρs . (4.59)
Moreover, since µ2 ∼ ρ0 ≪ ρs, the condition (i) is easily satisfied.
When −1 < n < 0, one has φ → 1 in the limit ǫ → 0 and the potential, V , becomes of
the order V ∼ µ2(µ2/R)n ≫ V0 ∼ µ2. This gives
|MV | ≈
∫
d3xµ2(µ2/R)n ≈
∫
d3x ρ0(ρ0/ρs)
n , (4.60)
where M⊙ is the same as that in Eq. (4.59). The ratio of the integrands in the expressions
for MV and M⊙ can be estimated to be (ρ0/ρs)n+1 ≪ 1, which means that the condition
|MV | ≪ M⊙ is again satisfied.
The parameter m in this case is given by
m = −(n+ 1)nǫ
n+1
1 + nǫn+1
. (4.61)
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Now, since ǫ is much smaller than 1, we find that |m(Rs)| ≪ 1. Hence, theories of the type
(4.45) with n > −1 can satisfy local gravity constraints.
The above discussion shows that it is easier to satisfy the local gravity constraints in
the Palatini formalism than in the metric approach. In the latter case, we also require the
condition f,RR > 0 to ensure that the scalaron mass squared is positive. Moreover, the
requirement of a heavy field-mass, M , leads to very small values for m(Rs), which imposes
the condition that viable f(R) models need to be very close to the ΛCDM model during the
matter and radiation epochs. We also note that even though the condition |m(Rs)| ≪ 1 is also
required in the Palatini case, the absolute values of |m(Rs)| do not need to be vanishingly
small. Indeed, even models (4.45) with n > 0 can satisfy the correct Newtonian limit,
whereas they are excluded in the metric formalism because f,RR is negative in these cases.
Thus, in the Palatini formalism models of the type f(R) = R− g(R) can be consistent with
local gravity tests provided that the contribution of the term g(R) is not significant relative
to the linear term.
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4.3 Density perturbations in the metric formalism
In this section, we discuss the evolution of matter perturbations and gravitational potentials
for f(R) theories in the metric formalism. When studying matter perturbations it is useful
to work in the comoving gauge. In this gauge, the perturbation equations can be written in
a closed form using the dimensionless variables (4.4). This allows the exact evolution of
matter perturbations to be determined by solving the perturbation equations simultaneously
with the background equations. When studying the gravitational potential, however, it is
more convenient to work in the longitudinal gauge. We therefore consider the perturbation
equations in these two gauges. We carry out a detailed analysis for a number of f(R) models
that can satisfy both the cosmological and local gravity constraints and use the evolution of
density perturbations to place further constraints on the model parameters as well as their
deviations from the ΛCDM model.
4.3.1 Comoving gauge (v = 0)
Here we derive the evolution equations for matter perturbations in the comoving gauge (v =
0). When v = 0 we have α = 0 and δ˙(v)m = κ from Eqs. (2.122) and (2.123). Hence, from
Eq. (2.150) we find that
δ¨(v)m +
(
2H +
F˙
2F
)
δ˙(v)m =
1
2F
[(
−6H2 + k
2
a2
)
δF + 3HδF˙ + 3δF¨ + δρm
]
,(4.62)
whereas from Eq. (2.151), the perturbation δF satisfies
δF¨ + 3HδF˙ +
(
k2
a2
+
f,R
3f,RR
− 4H2 − 2H˙
)
δF =
1
3
δρm + F˙ δ˙
(v)
m . (4.63)
The evolution of the matter perturbations δ(v)m can then be obtained by solving Eqs. (4.62)
and (4.63) numerically.
1. Sub-horizon approximation
For models that satisfy local gravity constraints the mass squared term defined in Eq. (4.17)
is well approximated by M2 ≃ f,R
3f,RR
. Such a term appears on the left-hand side of Eq. (4.63).
Now, we are mainly interested in the evolution of perturbations on sub-horizon scales, i.e.,
k2
a2
≫ {H2, |H˙|} . (4.64)
We also recall that for the models satisfying LGC, the mass squared of the scalar field is
much larger than R ∼ H2 ∼ |H˙|. Hence, either the terms k2
a2
or M2 (or both) are dominant
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in the parenthesis on the left-hand side of Eq. (4.63). Let us first consider the case in which
the time-derivative terms in δF are neglected, i.e.,{
k2
a2
|δF |,M2|δF |
}
≫ {|HδF˙ |, |δF¨ |} . (4.65)
The condition (4.65) amounts to neglecting the term δF¨ that leads to the oscillations of δF .
This is the approximation used to study scalar-tensor models in Refs. [9; 81; 127]. Later we
explore the validity of such an approximation, paying particular attention to the conditions
that should be satisfied.
Under the conditions (4.64) and (4.65), Eq. (4.63) gives
δR ≃ 1
F
δρm + 3F˙ δ˙
(v)
m
1 + 3ξ
, (4.66)
where
ξ ≡ k
2
a2
f,RR
f,R
=
k2
a2R
m . (4.67)
Using the approximation (4.65) in Eq. (4.62), we obtain
δ¨(v)m +
(
2H +
1
1 + 3ξ
F˙
2F
)
δ˙(v)m − 4πGcosmoeff ρmδ(v)m ≃ 0 , (4.68)
where the “cosmological” effective gravitational coupling is given by
Gcosmoeff =
GN
F
(
1 + 4ξ
1 + 3ξ
)
, (4.69)
and we have restored the bare gravitational constant GN .
Introducing a physical wavelength l = a
k
, the parameter ξ defined in Eq. (4.67) can be
written as
ξ =
1
l2
f,RR
f,R
≃ 1
3
1
(Ml)2
, (4.70)
where in the last approximate equality we have used the approximate relation M2 ≃ f,R
3f,RR
.
In the regimes ξ ≪ 1, i.e., (Ml)2 ≫ 1, Eq. (4.69) gives Gcosmoeff ≃ GN/F . In this case
m ≪ 1 for sub-horizon modes (k ≫ aH). Thus, the deviation from the ΛCDM model is
small, i.e., |F˙ /HF | ≪ 1 in Eq. (4.68). Consequently, the evolution of matter perturbations is
similar to that of the standard GR case. We reiterate that this General Relativistic behaviour
can be realised even for ωBD = 0 because of the presence of a potential with a heavy scalar-
field mass (M2 ≫ k2/a2).
In the regimes ξ ≫ 1, i.e., (Ml)2 ≪ 1, Eq. (4.69) gives Gcosmoeff ≃ 4GN/3F . Thus,
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the evolution of matter perturbations is different from that of GR because of the appearance
of the 4
3
factor. If the mass of the Brans-Dicke scalar field is light (M2 ≪ k2/a2), the
cosmological effective gravitational constant in Brans-Dicke theory is given by [127]
Gcosmoeff ≃
GN
φ
(
4 + 2ωBD
3 + 2ωBD
)
. (4.71)
Thus, in the regime ξ ≫ 1, the f(R) theories in the metric formalism behave like Brans-
Dicke theories (with ωBD = 0), with a light scalar-field mass (M2 ≪ k2/a2).
4.3.2 Longitudinal gauge (χ = 0)
We shall also derive the approximate equations in the longitudinal gauge (χ = 0) for sub-
horizon modes satisfying Eq. (4.64). We use the notation α = Φ and ϕ = −Ψ, which then
gives the relation Ψ = Φ+ δF/F from Eq. (2.149). In addition to Eq. (4.65), we impose the
following conditions
|X˙| . |HX| , where X = F, F˙ ,Φ,Ψ , (4.72)
and {
k2
a2
|Φ|, k
2
a2
|Ψ|, k
2
a2
|δF |
}
≫ {H2|B|, H2|Φ|, H2|Ψ|} . (4.73)
If the deviation from the ΛCDM model is not significant, the conditions (4.72) are well
satisfied. The conditions (4.73) are also satisfied for sub-horizon modes given in Eq. (4.64)
provided that Φ, Ψ and B are of the same order.
Under these approximations we obtain, from Eqs. (2.131), (2.147), (2.150) and (2.151),
the following relations
δ¨(χ)m + 2Hδ˙
(χ)
m +
k2
a2
Φ ≃ 0 , (4.74)
k2
a2
Φ ≃ − 1
2F
(
1 + 4ξ
1 + 3ξ
)
δρm , (4.75)
k2
a2
Ψ ≃ − 1
2F
(
1 + 2ξ
1 + 3ξ
)
δρm , (4.76)
δF ≃ f,RR
f,R
(
1
1 + 3ξ
)
δρm . (4.77)
Eq. (2.148) suggests that the term v is of the order of HΦ/ρm provided that the devia-
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tion from the ΛCDM model is not significant. Using Eq. (4.75) we find that the ratio
3Hv/(δρm/ρm) is of the order of (aH)
2
k2
, which is much smaller than unity for sub-horizon
modes. This gives δ(χ)m ≃ δρm/ρm in Eq. (2.138). Now using Eqs. (4.74) and (4.75), the
matter perturbation in the longitudinal gauge satisfies the following approximate equation:
δ¨(χ)m + 2Hδ˙
(χ)
m −
ρm
2F
(
1 + 4ξ
1 + 3ξ
)
δ(χ)m ≃ 0 . (4.78)
Compared to the comoving gauge the difference appears only in the friction term. Since
viable f(R) models satisfy the condition |F˙ /HF | ≪ 1, Eq. (4.68) reduces to Eq. (4.78). It
is trivial to check that in the uniform density gauge (δρm = 0) the perturbation δ(δ)m satisfies
the same approximate equation as Eq. (4.78).
Before ending this subsection, we shall introduce a number of useful parameters. One
such parameter is the effective gravitational potential
Φeff ≡ (Φ + Ψ)/2 , (4.79)
which characterises the deviation of light rays. This is directly linked to the Integrated Sachs-
Wolfe (ISW) effect in the CMB [39; 40] and weak lensing of distant galaxies [128; 127].
From Eqs. (4.75) and (4.76) we can approximate this parameter by
Φeff ≃ − a
2
2k2
ρm
F
δ(χ)m . (4.80)
A further parameter is the so-called anisotropic parameter
η ≡ Φ−Ψ
Ψ
≃ 2ξ
1 + 2ξ
, (4.81)
which behaves as η → 1 for ξ ≫ 1 and η → 2ξ for ξ ≪ 1. We also define the quantity
Σ ≡ q(1 + η/2) , (4.82)
where q is defined via (k2/a2)Ψ = −(1/2)qρmδ(χ)m . Using the above expressions, Σ can be
approximated by
Σ ≃ 1/F . (4.83)
Note that Σ is directly linked with Φeff . The parameters (Σ, η) will be especially important
in future surveys of weak lensing [128; 127].
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4.3.3 The appearance of scalarons
Among the approximations we have used in the previous two subsections, the conditions
(4.43) and (4.65) can be violated if an oscillating mode (scalaron) dominates over the matter
induced mode discussed above. Let us clarify when the oscillating mode becomes important
for viable f(R) models satisfying the conditions m ≪ 1 and |F˙ /HF | ≪ 1. For the sub-
horizon modes, Eq. (4.63) is approximately given by
δF¨ + 3HδF˙ +
(
k2
a2
+M2
)
δF ≃ 1
3
δρm . (4.84)
The solution of this equation is the sum of the matter induced mode δFind and the oscillatory
scalaron mode δFosc satisfying
δF¨osc + 3HδF˙osc +
(
k2
a2
+M2
)
δFosc = 0 . (4.85)
Under the condition {M2, k2/a2} ≫ H2 this equation reduces to the form
(a3/2δFosc)
¨+ ω2(a3/2δFosc) ≃ 0, (4.86)
where ω =
√
k2/a2 +M2. In the adiabatic regime characterised by |ω˙/ω2| ≪ 1 we obtain
the following WKB solution
δFosc ≃ c
a
3
2
1√
2ω
cos
(∫
ωdt
)
, (4.87)
where c is a constant. Hence, the solution of the perturbation δR is expressed by
δR ≃ 1
f,R
1
1 + 3ξ
δρm +
c
a
3
2
1
f,RR
√
2ω
cos
(∫
ωdt
)
. (4.88)
For viable f(R) models, the scale factor, a, and the background Ricci scalar, R(0), evolve
as a ∝ t2/3 and R(0) ≃ 4/(3t2) during the matter era. In this case the amplitude of δRosc
relative to R(0) has a time-dependence
|δRosc|
R(0)
∝ M
2t
(k2/a2 +M2)1/4
. (4.89)
Let us consider the models m(r) = C(−r − 1)p (p > 0) for which the mass, M , evolves
as M ∝ t−(p+1) during the matter-dominated epoch. When ξ ≪ 1 and ξ ≫ 1 we have
|δRosc|/R(0) ∝ t−(3p+1)/2 and |δRosc|/R(0) ∝ t−2(p+1/3), respectively. Hence the amplitude
of the oscillating mode decreases faster than the background Ricci scalar. This implies that
if the scalaron is over-produced in the early Universe such that |δR| > R(0), the stability
condition (4.43) can be violated. This property persists in the radiation-dominated epoch as
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well [116]. Thus, in order to ensure the viability of f(R) theories of gravity in the metric
formalism, we need to ensure that |δR| is smaller than R(0) at the beginning of the radiation
era. This can be achieved by choosing the constant c in Eq. (4.87) to be sufficiently small
which amounts to a fine tuning for these theories. We note that this fine tuning concerns
the stability of these theories and is an additional constraint to those usually imposed on the
parameters of these theories by observations.
Under the condition that the scalaron mode δRosc is negligible relative to the matter-
induced mode δRind, one can derive the evolution for the matter perturbation δm as well as
the effective gravitational potential Φeff . When ξ ≪ 1 the evolutions of δm and Φeff during
the matter era are given by
δm ∝ t2/3 , Φeff = constant . (4.90)
Note that the ratio of the matter induced mode relative to the background Ricci scalar evolves
as |δRind|/R(0) ∝ t2/3 ∝ δm. For the models that satisfy cosmological and local gravity
constraints, the Universe typically starts from the regime ξ ≪ 1 and evolves into the regime
ξ ≫ 1 during the matter-dominated epoch [116; 129]. When ξ ≫ 1, δm and Φeff evolve as
δm ∝ t(
√
33−1)/6 , Φeff ∝ t(
√
33−5)/6 . (4.91)
For the modelsm(r) = C(−r−1)p, we have the time-dependence |δRind|/R(0) ∝ t−2p+(
√
33−5)/6
in the regime ξ ≫ 1. This decreases more slowly relative to the ratio |δRosc|/R(0) ∝
t−2(p+1/3), so the scalaron mode tends to become unimportant with time.
4.3.4 Numerical study of the validity of approximations
In this subsection we numerically solve the exact perturbation equations in order to check the
validity of the approximations used to reach Eqs. (4.68), (4.78) and (4.80). We choose initial
conditions such that the scalaron mode is suppressed relative to the matter induced mode, i.e.
|δRiosc| < |δRiind|. (See Ref. [129] for a comprehensive and detailed study of the scalaron
mode. This study also gives the conditions under which the scalaron mode dominates over
the matter induced mode at the initial stages.)
1. Comoving gauge
To study the dynamics of matter perturbations in the metric formalism, we use the dimension-
less variables defined in Eq. (4.4). In terms of theses variables, the perturbation Eqs. (4.62)
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and (4.63), in the comoving gauge, become
δ(v)
′′
m +
(
x3 − 1
2
x1
)
δ(v)
′
m −
3
2
(1− x1 − x2 − x3)δ(v)m =
1
2
[
3δF˜ ′′ +
3(−2x1 + x3 − 1)δF˜ ′ +
(
k2
x24
− 3 + 3x1 + 9x2 + 3x3
)
δF˜
]
, (4.92)
δF˜ ′′ + (1− 2x1 + x3) δF˜ ′ +
[
k2
x24
− x3 + 2x3
m
+ 1− x1 + 3x2
]
δF˜ =
(1− x1 − x2 − x3)δ(v)m − x1δ(v)
′
m , (4.93)
where δF˜ ≡ δF/F and a prime denotes a derivative with respect to the number of e-foldings
N = ln(a). The exact evolution of the matter perturbations can be obtained by solving
these equations together with the background equations (4.8)-(4.11) for x1, x2, x3 and x4.
Meanwhile, the approximate equation (4.68) can be expressed in terms of these variables as
δ(v)
′′
m +
[
x3 − x1
2(1 + 3ξ)
]
δ(v)
′
m −
3
2
(1− x1 − x2 − x3)
(
1 + 4ξ
1 + 3ξ
)
δ(v)m ≃ 0 , (4.94)
where
ξ =
k2
(aH)2
m
6x3
. (4.95)
Let us consider the case in which the condition M2 ≫ k2/a2 (i.e., ξ ≪ 1) is satisfied. Since
M needs to be large during the matter-dominated epoch to satisfy LGC, this condition holds
in viable f(R) models at the beginning of the matter era for the modes relevant to large
scale structure [116; 129]. Consequently the term 2x3/m dominates over the term k2/x24 in
Eq. (4.93), which gives δF˜ ∼ mδ(v)m under the neglect of scalarons. Hence, the right-hand
side of Eq. (4.92) can be neglected relative to the left-hand side, which means that Eq. (4.92)
reduces to Eq. (4.94). The above argument shows that, in the regime ξ ≪ 1, Eq. (4.94) can be
valid even for super-Hubble modes as long as the contribution of the scalaron is unimportant.
In this regime the matter perturbations evolve as in the case of standard GR, i.e. δ(v)m ∝ t2/3.
The perturbations can enter the regime M2 ≪ k2/a2 (i.e., ξ ≫ 1) before reaching
the present epoch, depending on the mode k and on the evolution of M [116; 129]. For
example, for the model m(r) = (−r− 1)3 this occurs for the modes k/a0H0 > 3.5, where a
subscript 0 represents present values. In the case k/a0H0 = 300, the redshift (z ≡ a0a − 1) at
k/a = M corresponds to zk = 4.83. Since M2 is always larger than H2 in the past because
of the requirement m ≪ 1, the modes are inside the Hubble radius (k2/a2H2 > 1) after
the perturbations enter the regime M2 < k2/a2. Hence the approximation we used to reach
Eq. (4.94) is valid in this regime. In the regimeM2 < k2/a2 the term (k2/x24)δF˜ in Eq. (4.93)
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balances the term (1 − x1 − x2 − x3)δ(v)m , which gives rise to an additional contribution on
the right-hand side of Eq. (4.92). This then leads to the approximate equation (4.94) with
ξ ≫ 1, which has a growing-mode solution δm ∝ t(
√
33−1)/6
.
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Figure 4.1: The evolution of the matter perturbation δ(v)m in the comoving gauge for the model
m(r) = (−r−1)3 with the mode k/a0H0 = 10. Initial conditions were chosen to be x1 = 0,
x2 = −0.5000, x3 = 0.5001, δ(v)m = 10−3, δ(v)
′
m = 10−3, δF˜ = 8.0 × 10−15, δF˜ ′ = 0 and
k/aiHi = 4.1 at the redshift z = 28.9. The solid curve is obtained by solving the exact
equations (4.92) and (4.93) numerically, whereas the dotted one is obtained by solving the
approximate equation (4.94).
In Fig. 4.1 we plot the evolution of δ(v)m for the model m(r) = (−r − 1)3 with the mode
k/a0H0 = 10. Initial conditions are chosen so that the scalaron mode does not dominate
over the matter-induced mode. In this case the transition from the regime M2 > k2/a2 to the
region M2 < k2/a2 occurs at the redshift zk = 1.62. We find that the approximate equation
(4.94) shows an excellent agreement with the results obtained by numerically solving the ex-
act equations (4.92) and (4.93). The argument also holds for modes that are initially outside
the Hubble radius. Thus the approximate equation (4.68) is reliable in estimating the growth
of matter perturbations and the resulting matter power spectrum, provided that the scalaron
does not dominate in the early Universe.
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2. Longitudinal gauge
In the longitudinal gauge the combination of Eqs. (2.147)-(2.151) leads to the following
perturbation equations
Φ′′ +
(
2− 3
2
x1 + x3
)
Φ′ + (3x2 + 3x3)Φ = (4.96)
3
2
x2δF˜ −
(
1
2
x3 + 1
)
δF˜ ′ − 1
2
δF˜ ′′ ,
δF˜ ′′ + (x3 + 2)δF˜ ′ +
(
4
3
k2
x24
+ 3x2 +
2x3
m
)
δF˜ = (4.97)(
6x2 + 2x3 − 2
3
k2
x24
)
Φ− (3x1 + 2)Φ′,
δ(χ)m =
1
1− x1 − x2 − x3
[(
2 + 3x2 − x3 + 2x3
m
+
k2
x24
)
δF˜ (4.98)
+(2 + x1 + x3)δF˜
′ + δF˜ ′′ + (x1 − 6x2 − 2x3)Φ + (4x1 + 2)Φ′
]
,
ρmv
FH
= 2Φ′ + (2− x1)Φ + δF˜ ′ + (1 + x1)δF˜ , (4.99)
where we have used Ψ = Φ+ δF˜ . The effective potential defined in Eq. (4.79) is given by
Φeff = Φ+
1
2
δF˜ . (4.100)
In order to understand the evolution of perturbations at the initial stages of the matter era,
let us consider the regime ξ ≪ 1 without assuming the sub-horizon condition k/(aH)≫ 1.
We have in mind viable f(R) models with vanishingly small values of m deep inside the
matter epoch. Equation (4.97) then becomes
δF˜ ≃ −2m
[
1 +
k2
3(aH)2
]
Φ− 2mΦ′ . (4.101)
Note that under the sub-horizon approximation we have δF˜ ≃ −2mk2Φ/3(aH)2, which
agrees with Eq. (4.75). Using Eq. (4.101) we find that the right-hand side of Eq. (4.96) can
be neglected relative to the left-hand side, thus giving the solution Φ = constant (together
with a decaying mode proportional to t−5/3). From Eqs. (4.79) and (4.98)we obtain Φeff ≃ Φ
and
δ(χ)m ≃ −
2k2
3(aH)2Ωm
Φeff , (4.102)
δ(χ)
′
m ≃ δ(χ)m . (4.103)
Equation (4.102) agrees with the expression (4.80) obtained under the sub-horizon approx-
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imation (k/a ≫ H). Since Φeff is a constant, the matter perturbation can be seen from
Eq. (4.102) to evolve as δ(χ)m ∝ a. This is consistent with the approximate equation (4.78),
i.e.,
δ(χ)
′′
m + x3δ
(χ)′
m −
3
2
(1− x1 − x2 − x3)1 + 4ξ
1 + 3ξ
δ(χ)m ≃ 0 , (4.104)
which has the growing mode solution δ(χ)m = δ(χ)
′
m ∝ a in the regime ξ ≪ 1.
One may ask why the above method reproduces the result derived under the sub-horizon
approximation, without employing the approximation k/a ≫ H . In the regime ξ ≪ 1
the perturbation δF˜ is suppressed relative to Φ as given in Eq. (4.101). This allows us to
neglect the right-hand side of Eq. (4.96), giving a constant Φ. This mimics the situation in
General Relativity where δF˜ = 0 and Φ = constant together with Eq. (4.102), resulting
in δ(χ)m ∝ a. Moreover, from Eq. (4.99), the quantity B = Hv + Ψ is well approximated
by B ≃ 5Φ/3 = constant. Hence the right-hand side of Eq. (2.131) can be neglected
even without assuming the sub-horizon approximation. Thus, using the relation (4.102)
we can obtain Eq. (4.78) in the regime ξ ≪ 1 without assuming k/a ≫ H . The above
approximation corresponds to the limit of large M (M2 ≫ k2/a2), which gives rise to
the evolution of perturbations that is similar to the case of General Relativity. In General
Relativity (δF = 0 and F˙ = 0), one has the exact equation (4.102) from Eqs. (2.147)
and (2.148). Thus the perturbations in the large M case (ξ ≪ 1) mimic those in General
Relativity, apart from the fact that the scalaron is present in the former but not in the latter.
When ξ ≫ 1 one has k2/a2 ≫ M2 ≫ H2, which means that the sub-horizon type
approximation we used in Sec. 4.3.2 holds in this regime. This situation is similar to the case
of the comoving gauge. For the modes that start from the regime M2 ≫ k2/a2 and enter the
regime M2 ≪ k2/a2 before the end of the matter era, the evolution of perturbations changes
from the standard general relativistic form (4.90) to the non-standard form (4.91).
In Fig. 4.2 we plot the evolution of δ(χ)m and Φeff in the model m(r) = (−r − 1)3 for the
mode k = a0H0 that lies outside the Hubble radius at the start of integration (z = 28.9).
Together with numerically integrating Eqs. (4.96)-(4.98), we also solve the approximate
equation (4.104) with Φeff derived from (4.80). From Fig. 4.2 we find that the approximate
equations agree well with the exact numerical results, even if the mode is initially slightly
outside the Hubble radius. We note, however, that for large-scale modes far outside the
Hubble radius the scalaron can be important. In fact, we have numerically verified that the
oscillating mode appears for such super-Hubble modes unless the coefficient of the scalaron
in Eq. (4.88) is fine-tuned to be small. In Fig. 4.2 the growth of the gravitational potential
is not seen in the region z < zk, since the transition redshift is small (zk = 0.36). It can,
however, be observed if we consider modes on smaller scales.
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Figure 4.2: The evolution of δ(χ)m and Φeff in the longitudinal gauge for the model m(r) =
(−r − 1)3 with a mode k = a0H0. The results were obtained by numerically integrating
Eqs. (4.96), (4.97) and (4.98) with initial conditions Φeff = 10−5, Φ′eff = 0 and k/aiHi =
0.36 and with δ(χ)m and δ(χ)
′
m satisfying Eqs. (4.102) and (4.103). Initial conditions for the
background quantities were chosen to be the same as in Fig. 4.1. We also plot δ(χ)m and Φeff
obtained by solving the approximate equations (4.104) and (4.80). The approximation is
valid even when the mode is initially outside the Hubble radius.
In summary, for viable f(R) models that satisfy the cosmological and local gravity con-
straints, the approximate Eqs. (4.104) and (4.80) are valid even for those modes outside the
Hubble radius, as long as the scalaron is suppressed relative to the matter-induced mode.
4.3.5 Constraints on the models m(r) = C(−r − 1)p
We consider the current and future constraints on models of the type m(r) = C(−r − 1)p
with 0 < C ≤ 1. At the background level, compatibility with the SNIa observations could
result in the divergence of the equation of state of dark energy [122; 129]. Interestingly the
redshift at which such a divergence may occur could be of order unity. However, the current
SNIa observations are not yet sufficiently accurate to rule out such cases. Some constraints
on the model parameters can be obtained from the present equation of state of dark energy,
but even models with p = 1.5 and C = 1 are allowed [129]. Thus, the background does not
provide strong constraints. However, this situation may change in the future when higher
redshift data become available from SNIa and Gamma Ray burst observations.
On the other hand, we recall from Sec. 1 that there are a number of constraints on the
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growth rate of matter perturbations, s, defined as
s ≡ d ln δm
dN
. (4.105)
(Note that in the standard general relativistic case, where δm ∝ a, the growth rate s = 1).
From Eqs. (4.90) and (4.91) we have s = 1 for M2 ≫ k2/a2 and s = (√33− 1)/4 = 1.186
for M2 ≪ k2/a2. In Fig. 4.3 we plot the evolution of the growth rate for models m(r) =
(−r−1)3 for a number of different values of k. The increase of s from unity implies that the
perturbations enter the regime M2 ≪ k2/a2. For smaller scale modes this transition occurs
earlier, which leads to a larger maximum value of s. The growth rate begins to decrease once
the Universe enters the late-time accelerated epoch. As estimated analytically, the growth
rate is bounded by s < 1.186. Hence the current observational constraint (1.2) is still too
weak to place constraints on m(r) = C(−r − 1)p models.
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Figure 4.3: The evolution of the growth rate s = δ′m/δm with respect to the redshift z in
the model m(r) = (−r − 1)3 with four different values of k. Initial conditions were chosen
as in Fig. 4.2. The transition redshift zk, defined as the redshift where k/a = M , becomes
larger for smaller scales. After the matter perturbation enters the region z < zk the growth
rate begins to increase toward the value s = 1.186, but it starts to decrease once the Universe
enters the stage of accelerated expansion.
However, these models exhibit peculiar features in the matter power spectrum. This
is a consequence of the fact that there is a transition redshift zk at which the growth rate
begins to change from s = 1 to s = 1.186. For the modes relevant to galaxy clusters
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[k/a0H0 = O(102)], this transition typically occurs during the matter-dominated epoch (see
Fig. 4.3). Since the time tk at z = zk depends upon the modes k (tk ∝ k−3/(3p+1)), this leads
to a change in the slope of the matter power spectrum. The difference between the slopes of
the matter power spectrum determined from galaxy surveys and the CMB spectrum, on the
scales k/a0H0 = O(102), is given by [116; 129]
∆n ≃
√
33− 5
3p+ 1
. (4.106)
This analytic result agrees well with numerical results except for models with p ≫ 1 [129].
Observationally no significant differences have so far been found between the two power
spectra. If we take the bound ∆n < 0.05, we obtain the constraint p ≥ 5. To place further
constraints on models, a likelihood analysis is required which employs the data from both
the galaxy power spectrum and the CMB.
Numerically, we find that the models m(r) = (−r − 1)5 are constrained by a limit on
the present value of the deviation parameter given by m(z = 0) . 10−1. Thus, even though
m is constrained to be very small during the matter era, a notable deviation from the ΛCDM
model can occur around the present epoch.
Finally, the ISW effect in the CMB power spectrum is important for large scale modes
with k/a0H0 = O(1). As can be seen from Fig. 4.2, even models with p = 3 and C = 1
do not give rise to a significant amplification of the gravitational potential. The models with
p ≥ 2 are consistent with the low multipoles in the CMB data [129]. Thus, this effect does
not generally provide stronger additional constraints.
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4.4 Density perturbations in the Palatini formalism
Given the non-dynamical nature of Eq. (2.156), it is clear that the scalaron mode does not
exist in the Palatini case. This is associated with the fact that the Palatini formalism corre-
sponds to a generalised Brans-Dicke theory with ωBD = −32 . The perturbation δF is directly
determined by the matter perturbation δρm as
δF =
F,R
F
δρm
1−m , (4.107)
where m is defined in Eq. (4.6).
As in the metric case, we choose to work in different gauges depending on convenience.
For the study of matter density perturbations it is convenient to consider the comoving gauge,
where the perturbation equations close. On the other hand, the longitudinal gauge can be
more useful when discussing gravitational potentials.
4.4.1 Comoving gauge
In the comoving gauge (v = 0) one has α = 0 and κ = δ˙(v)m . Then, from Eq. (2.155), we find
δ¨(v)m +
(
2H +
F˙
2F
)
δ˙(v)m =
1
2F
[
δρm + 3δF¨ +(
3H − 6F˙
F
)
δF˙ +
(
6H2 + 6H˙ +
3F˙ 2
F 2
−R + k
2
a2
)
δF
]
. (4.108)
As in the metric case this equation needs to be solved simultaneously with the background
equations (2.105)-(2.107). Unlike the metric case, however, it is not easy to find dimen-
sionless variables in terms of which both sets of equations close. As a result we proceed to
integrate the equations directly. Using the background equations and ignoring the radiation,
the perturbation equation (4.108) can be written as
P1δ
(v)′′
m + P2δ
(v)′
m + P3δ
(v)
m = 0 , (4.109)
where the coefficients P1, P2, P3 are given by
P1 =
(
1− 3J
2F
)
H2 , (4.110)
P2 =
(
2 +
15J
2F
)
H2 +
(
1− 3J
2F
)
H˙ +
(
1
2
+
6J
F
)
F˙H
F
(4.111)
−3J
F
H ˙F,R
F,R
− 3J
F
Hm˙
1−m ,
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P3 =
−ρm
2F
− J
2F
(
6H2 + 6H˙ +
3F˙ 2
F 2
− R+ k
2
a2
)
(4.112)
− J
2F
(
3H − 6F˙
F
)(
˙F,R
F,R
− 3H − F˙
F
+
m˙
1−m
)
− 3J
2F
[(
˙F,R
F,R
− 3H − F˙
F
+
m˙
1−m
)2
+
F¨,R
F,R
−
(
˙F,R
F,R
)2
− 3H˙ − F¨
F
+
(
F˙
F
)2
+
m¨
1−m +
(
m˙
1−m
)2]
,
and J is defined as
J ≡ F,R
F
ρm
1−m. (4.113)
All the terms in the coefficients P1, P2, P3 can be expressed in terms of the scale factor a (or
equivalently N), which thus allows Eq. (4.109) to close and be readily integrated numeri-
cally.
On the other hand, since we are mostly interested in the evolution of modes on sub-
horizon scales, it makes sense to consider the approximate equations similar to those consid-
ered in the metric case.
Using a sub-horizon type approximation, such that only those terms containing k2/a2
and δρm are considered on the right-hand side of Eq. (4.108), together with Eq. (4.107), we
obtain the following approximate perturbation equation
δ¨(v)m +
(
2H +
F˙
2F
)
δ˙(v)m −
ρm
2F
(
1 +
ξ
1−m
)
δ(v)m ≃ 0 , (4.114)
where ξ is defined in Eq. (4.67).
Alternatively we may study the case in which the deviation from the ΛCDM model is
small, i.e.,
|m| ≪ 1 , (4.115)
as required from the local gravity constraint (4.53). The derivative terms such as |m′| and
|m′′| are also assumed to be much smaller than unity. Using the fact that from Eqs. (2.107)
and (4.107) the perturbation δF in this case is of the order of mδ(v)m , Eq. (4.114) can be
obtained under condition (4.115) without using the sub-horizon approximation. Thus, if the
deviation from the ΛCDM model is small, the approximate equation (4.114) is valid even for
modes outside the Hubble radius. This situation is similar to the metric case. In fact, we have
confirmed this property by numerically solving the exact equation (4.108) and comparing it
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with the solutions of the approximate equation (4.114).
One can estimate the order of the term RδF on the right-hand side of Eq. (2.155) by using
Eq. (4.107), i.e., RδF = mδρm/(1 − m). This gives rise to the contribution of the order
of (ρm/2F )mδ(v)m in the third term of Eq. (4.114), which is negligible under the condition
(4.115). As long as we neglect this contribution, we can approximate ξ/(1−m) ≃ ξ in the
third term of Eq. (4.114). In the following, we implicitly assume this when we write the term
(1−m) in the denominator.
In the limit ξ = k2
a2R
m ≪ 1, Eq. (4.114) agrees with Eq. (4.68) of the metric formalism.
However, a significant difference appears in the regime ξ ≫ 1. In that case there is a strong
amplification of the matter perturbation in the Palatini case due of the growth of the term ξ
in Eq. (4.114).( We recall from Sec. 3 that this property leads to the discrepancy between the
evolution of matter perturbations that we derived using the LuSS and KKS approaches). We
shall estimate this growth rate for a number of concrete models in Sec. 4.4.3 below.
4.4.2 Longitudinal gauge
We next consider the Longitudinal gauge (χ = 0), and as in the metric case we use the
notation α = Φ and ϕ = −Ψ. Under the sub-horizon type approximation used in the
comoving case above, the evolution equation reduces to Eq. (4.74) obtained in the metric
formalism. Using Eqs. (2.152) and (2.154), together with Eq. (4.107), these approximations
also give
k2
a2
Φ ≃ − 1
2F
(
1 +
ξ
1−m
)
δρm ,
k2
a2
Ψ ≃ − 1
2F
(
1− ξ
1−m
)
δρm . (4.116)
Hence, the matter perturbations satisfy the following approximate equation
δ¨(χ)m + 2Hδ˙
(χ)
m −
ρm
2F
(
1 +
ξ
1−m
)
δ(χ)m ≃ 0 . (4.117)
The effective gravitational potential Φeff defined in Eq. (4.79) satisfies
Φeff ≃ − a
2
2k2
ρm
F
δ(χ)m , (4.118)
which is the same as in the metric case. Finally, the parameters η and Σ defined in Eqs. (4.81)
and (4.82) become
η ≃ 2ξ
1−m− ξ , Σ ≃
1
F
. (4.119)
We note that while the expression for η is different from that in the metric case, Σ remains
the same.
The above approximate equations (4.117) and (4.118) are valid under the conditions
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(4.115) and ξ ≪ 1 even without the sub-horizon approximation. Indeed, the argument is
similar to the metric case in which Eqs. (4.78) and (4.80) reduce to the corresponding GR
equations for ξ ≪ 1.
We also note that in the regime ξ ≫ 1 the perturbation modes are inside the Hubble
radius, which shows that the sub-horizon approximation is still valid. Thus, as long as the
condition (4.115) is satisfied, we can safely use Eqs. (4.117) and (4.118) even for super-
Hubble modes. Furthermore, since in the Palatini formalism the perturbation δR is sourced
only by the matter induced mode, we do not need to worry about the dominance of the
scalaron oscillations for super-Hubble modes.
In Sec. 3.1 the evolution equation for matter perturbations, Eq. (3.6), was derived in the
uniform density gauge [68]. This is an exact equation as is the corresponding equation in the
comoving gauge. Given that under the approximation (4.115), the term |F˙ /HF | is of the
order of |m|, the coefficients c1 and c2 given by Eqs. (3.7) and (3.8) become:
c1 = 2H , c2 = H
2
[
− H¨
H3
− 2H˙
H2
+
F˙
6HF
k2
(aH)2
]
. (4.120)
We can estimate the first two terms in the square bracket of c2 by employing the following
approximate relations
2FH˙ ≃ −ρm , 2FH¨ ≃ 3Hρm , (4.121)
which follows from Eqs. (2.105) and (2.107). Moreover, Eq. (2.108) implies that
F˙ = − 3ρmF,RH
F − RF,R . (4.122)
Using these relations, we find that the matter perturbation satisfies the following approximate
equation of motion:
δ¨(δ)m + 2Hδ˙
(δ)
m −
ρm
2F
(
1 +
ξ
1−m
)
δ(δ)m ≃ 0 . (4.123)
This is the same as the evolution equation arising in the longitudinal gauge, Eq. (4.117).
Since the evolution of matter perturbations do not physically depend on the gauge chosen,
we shall denote the matter perturbation simply by δm in what follows.
4.4.3 Analytic estimate for the growth of perturbations
As was discussed above, the evolution of perturbations in the regime ξ ≪ 1 is similar to the
standard GR case where δm ∝ t2/3, s = δ′m/δm = 1 and Φ = constant. In this subsection,
we shall estimate the growth rate of perturbations after the system enters the regime ξ > 1.
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We shall consider models with |m| ≪ 1 to be consistent with the local gravity constraint
(4.53).
During the matter era, in which the Ricci scalar evolves as R ∝ t−2, the parameter ξ is
given by ξ = ±ma/mkak, where the subscript “k” denotes values when the system crosses
ξ = 1. Here we note that the plus sign corresponds to a positive m and the negative sign to
a negative m. As we have shown in Sec. 4.2.2, the latter case is allowed, which is not so for
the metric formalism. It follows that under the condition |m| ≪ 1, the matter perturbation
(4.117) satisfies the following equation
δ′′m +
1
2
δ′m −
3
2
(
1± m
mk
eN−Nk
)
δm ≃ 0 . (4.124)
We now consider the case in which the evolution of the parameter m is given by
m ∝ t2p , (4.125)
where p is a constant. Several different f(R) models are parametrised by specific values of
p in the following way:
(i) f(R) = αR1+m − Λ: p = 0 (here Λ is a constant) ,
(ii) f(R) = R− λRc
(
R
Rc
)β
: p = 1− β for R≫ Rc ,
(iii) f(R) = R− λRc (R/Rc)
2n
(R/Rc)2n+1
: p = 2n+ 1 for R≫ Rc ,
(iv) f(R) = R− λRc
[
1−
(
1 + R
2
R2c
)−n]
: p = 2n+ 1 for R≫ Rc ,
where n and λ are positive constants. With the above choice of m, Eq. (4.124) reduces to
δ′′m +
1
2
δ′m −
3
2
[
1± e(3p+1)(N−Nk)] δm ≃ 0 . (4.126)
Taking the positive sign in Eq. (4.126), i.e., m > 0, the solution of Eq. (4.126) can be written
in terms of a linear combination of Bessel functions Jν and Yν :
δm = e
−(N−Nk)/4 [α1Jν (ix) + α2Yν (ix)] , (4.127)
where α1, α2 are constants and
x =
√
6e(3p+1)(N−Nk)/2
3p+ 1
, ν =
5
6p+ 2
. (4.128)
For the negative sign in Eq. (4.126), i.e., m < 0, the solution of Eq. (4.126) is given by
δm = e
−(N−Nk)/4 [α1Jν (x) + α2Yν (x)] , (4.129)
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where x and ν are defined in (4.128).
In the following, we shall discuss both positive and negative cases in turn.
1. m > 0
As an example, we consider the constant m models (p = 0). In this case, the Bessel function
Jν(ix) has a growing mode solution J5/2(ix) ∝ I5/2(x) ∝ ex/
√
x for x≫ 1, where I5/2(x)
is a modified Bessel function with x =
√
6e(N−Nk)/2. Consequently, in the regime ξ ≫ 1,
the evolution of the matter perturbation and its growth rate are given by
δm ∝ exp(
√
6e(N−Nk)/2) , s =
δ′m
δm
=
√
6
2
e(N−Nk)/2 , (4.130)
where we have used
√
6e(N−Nk)/2 ≫ (N −Nk)/2. Thus, the growth rate of matter perturba-
tions increases very rapidly. Moreover, it follows from Eq. (4.118) that in the regime ξ ≫ 1
the effective gravitational potential grows exponentially as
Φeff ∝ exp(e
√
6(N−Nk)/2) , (4.131)
which leads to a strong and observable ISW effect.
Similarly, in models with p 6= 0, one can estimate the evolution of perturbations in the
regime ξ ≫ 1:
δm ∝ Φeff ∝ exp
(√
6e(3p+1)(N−Nk)/2
3p+ 1
)
, s =
√
6
2
e(3p+1)(N−Nk)/2 . (4.132)
This shows that for models with p > 0 the growth rate increases faster than in the constant m
models. When p < −1/3 the above instability can be avoided, but in that case m increases
towards the past. Thus, unless the present value of m is negligibly small, the condition
|m| ≪ 1 required by LGC can be violated during the matter era. We conclude, therefore,
that these models are indistinguishable from ΛCDM in the present Universe.
2. m < 0
When m is negative, the Bessel functions in the regime |ξ| ≫ 1 behave as
Jν(x) ∼
√
2
πx
cos
(
x− (2ν + 1)π
4
)
and
Yν(x) ∼
√
2
πx
sin
(
x− (2ν + 1)π
4
)
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respectively. Thus, the solution (4.129) in this asymptotic region becomes
δm ≃ Ce−(3p+2)(N−Nk)/4 cos(x+ θ) , (4.133)
where C and θ are constants. Using this solution, we obtain
δ′m ≃ −
1
4
(3p+ 2)δm −
√
6
2
Ce3p(N−Nk)/4 sin(x+ θ) , (4.134)
s ≃ −1
4
(3p+ 2)− 3p+ 1
2
x tan(x+ θ) . (4.135)
When p > 0, δm exhibits damped oscillations whereas |δ′m| increases in time with the os-
cillations. The averaged value of the growth rate s is given by s¯ = −3p+2
4
, but it shows a
divergence every time x changes by π.
If the Universe crosses the critical point |ξ| = 1 around the end of the matter era, it does
not necessarily reach the regime |ξ| ≫ 1. In such cases one can not fully use the above
approximate solutions. We shall confirm later that, in some cases, the Universe can enter
the accelerated stage without oscillations in δm occurring up to the present epoch2. The
frequency of oscillations tends to grow for larger values of p. The models that enter the
regimes |ξ| ≫ 1 are generally inconsistent with observations, since they typically lead to
large negative values of s as given by Eq. (4.135).
3. Constraints on |m| from the requirement |ξ| < 1
The f(R) models can be consistent with observations if the Universe does not enter the
regime |ξ| > 1 until the end of the matter-dominated epoch. One can estimate the ratio of
the comoving Hubble radius (aH)−1 during the matter era to its present value thus:
a0H0
aH
≃ c
(
a
a0
) 1
2
= c(1 + z)−
1
2 , (4.136)
where c = 1 in the absence of the dark energy dominated epoch. The presence of a dark
energy era leads to a change in the value of c. Numerically this factor is around c = 1.7-1.9.
Using the relation R ≃ 3H2 that holds during the matter era for |m| ≪ 1, we find that |ξ|
crosses 1 at a critical redshift
zc ≈ |m|
(
k
a0H0
)2
− 1 . (4.137)
If zc is smaller than order unity, the Universe does not enter the regime |ξ| > 1 during the
matter dominated epoch. This gives the following constraint to be consistent with observa-
2Oscillations in δm typically arise when we we choose larger values of |m| and k.
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tions;
|m(z)| .
(
a0H0
k
)2
, for z > O(1) . (4.138)
The matter power spectrum has been observed over scales in the regime 0.02hMpc−1 .
k . 0.2hMpc−1. Non-linear effects can be important for smaller scales with k > 0.2hMpc−1
[130]. Taking the value k = 0.2hMpc−1 ≃ 600a0H0, below which linear perturbation the-
ory is valid, we obtain the constraint |m(z)| . 3× 10−6 during the matter era.
Of course this is a rough estimate and the actual constraints on m(z) depend upon the
particular models considered. For example, even if |ξ| crosses 1 during the matter era, the
models can be consistent with observations provided that |ξ| does not grow rapidly after it
exceeds unity. Whether or not ξ reaches the regime |ξ| ≫ 1 depends on the particular models
chosen. In order to place constraints on m, therefore, we need a detailed analysis for each
particular model. In the next subsection, we shall provide a numerical investigation of a
number of f(R) models presented above and place constraints on the present values of m as
well as the model parameters.
4.4.4 Constraints on model parameters
In this subsection we shall employ the information provided by the growth of matter den-
sity perturbations to place constraints on the parameters of the f(R) models presented in
Sec. 4.4.3 above. This is done by numerically solving the exact evolution equation for the
perturbations, Eq. (4.109), together with the background equations (2.105) and (2.107). We
refer the reader to Appendix A.3 for equations written in a form more convenient for numer-
ical integration.
1. Constant m models: f(R) = αR1+m − Λ
Compared to other models considered here, the growth of |ξ| is rather mild in the constant
m models, being of the form |ξ| ∝ a = eN . Thus, in order for |ξ| to grow from 0.1 to 10,
one would require an increase in the number of e-foldings by 4.6.
We shall first consider the positive m case. In the left panel of Fig. 4.4 we plot the
evolution of the growth rate, s, for the mode k = 600a0H0 for several values of m. For
m = 3 × 10−5 we numerically obtain zc ∼ 11, denoted by a black dot in Fig. 4.4. This
almost agrees with the analytical estimate (4.137) which gives zc ≈ 10. In the regime ξ ≪ 1
the evolution of matter perturbations is given by δm = δ′m ∝ a, which results in s ≃ 1. The
growth rate begins to move away from unity as ξ becomes of order 0.1, and then continues to
grow before the Universe enters the stage of accelerated expansion. For this model we find
smax ∼ 2.06 and ξmax ∼ 3.13, which shows that the model does not enter the regime ξ ≫ 1
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where the evolution of perturbations is described by Eqs. (4.130) and (4.131).
For a model with m = 1.5 × 10−5, the critical redshift occurs at around zc ∼ 5 with
s ∼ 1.4. The maximum value of the growth rate is smax ∼ 1.57, which corresponds to the
marginal case satisfying the observational criterion (1.2). For a model with m = 2.0× 10−6,
the evolution of perturbations is not much different from the general relativistic case.
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Figure 4.4: The evolution of perturbations for the model: f(R) = αR1+m − Λ with positive
values of m. In the left panel we show the growth rate, s = δ′m/δm, versus the redshift, z,
for the mode k/a0H0 = 600 with three different values of m. The black dots represent the
points at which ξ crosses 1. The right panel depicts the evolution of s for m = 1.5 × 10−5
with three different values of k.
To show the variation of the growth rate as a function of scale, we depict in the right
panel of Fig. 4.4 the evolution of s for the model m = 1.5× 10−5 for three different values
of k. As can be seen, the maximum value of the growth rate s decreases as k is decreased
(i.e. the scales become larger). In particular, for the mode k = 100a0H0 (corresponding to
k = 0.033h Mpc−1), the evolution of perturbations exhibits no difference compared to the
corresponding evolution in the general relativistic case. Hence the matter power spectrum is
enhanced on small scales (k = 0.1h-0.2h Mpc−1), while the spectrum remains similar to the
standard general relativistic case on larger scales (k = 0.02h-0.04h Mpc−1). This results in
different spectral indices on different scales. Placing more precise constraints on m would
require performing a likelihood analysis using the data from the matter power spectrum.
However, in order to obtain an order of magnitude estimate for the maximum value of m, it
is sufficient to use the criterion (1.2) for the mode k = 600a0H0. For the constant m models
we find the constraint to be m . 10−5.
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When m is negative, the growth rate s decreases unlike the positive m case. In the left
panel of Fig. 4.5 we plot the evolution of s for three different negative values of m for the
mode k/a0H0 = 600. As can be seen s tends to decrease more rapidly with increasing |m|.
If m = −2.0 × 10−5, the present value of s becomes very small (s < −1). As we see in
the right panel of Fig. 4.5, when m = −2.0 × 10−5, there is a significant fall in the values
of s between k/a0H0 = 300 and k/a0H0 = 600. This can lead to large differences in the
spectral indices of the matter power spectrum for small and large scale modes. From the
above argument |m| should be smaller than the order of 10−5, which has an upper bound
similar to the positive m case.
When m = −2.0× 10−5 the Universe crosses the point |ξ| = 1 at the redshift zc ∼ 7.4,
but the increase of |ξ| for z < zc is mild. Moreover, the quantity |ξ| begins to decrease after
the Universe enters the accelerated stage. Numerically we obtain the value ξ ∼ −0.77 at
present (z = 0). Thus the system does not reach the regime |ξ| ≫ 1, and hence not a single
period of oscillation occurs by the present epoch. However, for larger values of |m|, we have
numerically checked that the oscillations of δm indeed occur.
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Figure 4.5: The evolution of perturbations for the model: f(R) = αR1+m − Λ for negative
m. In the left panel we show the growth rate s = δ′m/δm versus the redshift z for the mode
k/a0H0 = 600 with three different values of m. The black dots represent the points at which
the quantity |ξ| crosses 1. The right panel depicts the evolution of s for m = −2.0 × 10−5
with three different values of k.
We also recall that growth of the effective gravitational potential Φeff leads to an ISW
effect in the CMB spectrum on large scales (k/a0H0 ∼a few). However, when |m| ∼ 10−5,
Φeff does not grow for these modes. As a result the ISW effect does not provide stronger
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constraints on m than those provided by the matter power spectrum.
2. f(R) = R− λRc(R/Rc)β
The observational constraints on the parameters of this model were studied in Ref. [79].
(Note that Rc is not very much different from the present value of the cosmological Ricci
scalar R0.) Here, we shall obtain constraints on the parameter m, which for this model is
given by
m =
λβ(1− β)(R/Rc)β−1
1− λβ(R/Rc)β−1 , (4.139)
and make a comparison between our results. The late-time de-Sitter point (R = R1) is
obtained from the constraint equation FR− 2f = 0, to give (R1/Rc)1−β = λ(2− β). Thus
at this de-Sitter point the variable m satisfies
m(R1) = β/2 . (4.140)
For β < 1, the parameter m in the regime R≫ Rc is given by
m ≃ λβ(1− β)(R/Rc)β−1 ∝ t2(1−β) , (4.141)
which decreases towards the past.
If β (< 1) is of order unity, the quantity m is too large to satisfy the requirement (4.138)
for the mode k = 600a0H0 during the matter era. (Recall that from Eq. (4.140) the present
value of m is of the order of β). This is basically associated with the fact that, in the regime
R≫ Rc, the model gives a linear relation between m and r [m = C(−r−1)]. Consequently
we need the condition |β| ≪ 1 in order to be compatible with the criterion (4.138).
To determine the changes in the behaviour of this model as a function of β, we considered
three distinct values of β and calculated the corresponding growth rate, s, and the parameter
m in each case. Our results are summarised in Fig. 4.6. The left-hand panel shows the
evolution of the growth rate for λ = 1 and k = 600a0H0 with the three different values of
β. For β = 1.5× 10−4 the present value of the parameter m is around m(z0) ∼ 6.7× 10−5,
which is close to the value of m at the de-Sitter point (m(R1) = 7.5 × 10−5). We also find
that the parameter ξ crosses 1 at a redshift zc ∼ 3 with m(zc) ∼ 1.2× 10−5.
Furthermore, we find that the growth rate is larger for these models than in the case of
constant m models. This is due to the fact that ξ in this case evolves faster, as ξ ∝ t2(4/3−β).
The maximum growth rate reached for β = 1.5 × 10−4 corresponds to smax ∼ 1.88 with
ξ ∼ 4. As expected, models with smaller values of β possess growth rates which are more
compatible with observational constraints. Employing the criterion (1.2) for the mode k =
600a0H0, we find the constraint β < 8.2 × 10−5. This is slightly larger than the constraint
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β < 3.0× 10−5 obtained in [131] from the likelihood analysis of the SDSS data3. In the left
panel of Fig. 4.6 we also consider this case in order to find the corresponding evolution of
s. The maximum value of the growth rate in this case is found to be smax ∼ 1.095, which
indicates that the constraint (1.2) is rather weak. Nevertheless, the criterion (1.2) is certainly
sufficient in order to extract an order of magnitude bound on β.
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Figure 4.6: The evolution of perturbations for the model f(R) = R − λRc(R/Rc)β with
positive β and λ = 1. The left-hand panel depicts s = δ′m/δm versus the redshift, z, for
the mode k/a0H0 = 600 with three different values of β. The right-hand panel shows the
evolution of m with respect to z for k/a0H0 = 600. From the requirement (1.2) we obtain
the constraint β < 8.2× 10−5.
The right panel of Fig. 4.6 depicts the evolution of the parameter m for the case with
λ = 1 and k = 600a0H0 for the three different values of β. As can be seen m increases from
the past to the present. Using the criterion (1.2) we obtain the bound m(z = 0) < 3.5×10−5.
If we adopt the stronger criterion s < 1.1, the constraint becomes m(z = 0) < 1.3 × 10−5.
Thus the deviation from the ΛCDM model is constrained to be small (m(z = 0) . 10−5).
We also examine the effects of changing the parameter λ on the bounds on β. We consider
two cases: λ = 10 and λ = 100. We find that these changes in λ have negligible effects on
the constraints imposed on β and m(z = 0), in comparison to that obtained from the case
with λ = 1. The reason for this lack of sensitivity is that a change in λ is compensated for
by corresponding changes to the values of Ri, a0 and H0.
When β < 0 the parameter m is negative from Eq. (4.141). In the left panel of Fig. 4.7
3In Ref. [132] it was shown that the combined analysis using the SDSS, CMB and Supernovae Ia data gives
more stringent constraints: β . 10−6.
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we plot the evolution of s for three different values of β with k/a0H0 = 600. We find that the
present values of s become smaller than −1 for |β| & 1.2× 10−4, in which case |m(z = 0)|
is smaller than the order of 5.3× 10−5 (see the right panel of Fig. 4.7). Thus, if we use the
criterion s(z = 0) & −1 for the models to be viable, the upper bounds on |β| and |m(z = 0)|
are similar to those in the positive β case.
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Figure 4.7: The evolution of perturbations for the model f(R) = R − λRc(R/Rc)β with
negative β and λ = 1. The left-hand panel depicts s = δ′m/δm versus the redshift, z, for
the mode k/a0H0 = 600 with three different values of β. The right-hand panel shows the
evolution of the quantity m with respect to z for k/a0H0 = 600. If we use the criterion
s(z = 0) > −1, we obtain the constraint β > −1.2× 10−4.
3. f(R) = R− λRc[1− (1 +R2/R2c)−n]
Finally we consider the above model (where n > 0) recently discussed by Starobinsky [116].
The parameter m for this model is given by
m =
2nλx(1 + x2)−n−2[(2n+ 1)x2 − 1]
1− 2nλx(1 + x2)−n−1 , where x ≡ R/Rc, (4.142)
and the de-Sitter point at R = R1 corresponds to
λ =
x1(1 + x
2
1)
n+1
2[(1 + x21)
n+1 − 1− (n+ 1)x21
, where x1 ≡ R1/Rc . (4.143)
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Once we fix the value of λ, x1 is known accordingly. In the regime R ≫ Rc the parameter
m behaves as
m ≃ 2n(2n+ 1)λ(Rc/R)2n+1 ∝ t2(2n+1) . (4.144)
Due to the presence of a larger power of (Rc/R) in the expression for m in this case, m
decreases more rapidly towards the past compared to the model f(R) = R − λRc(R/Rc)β
discussed above. For the mode k = 600a0H0, the bound (4.138) implies that m has to be
smaller than the order of 10−6-10−5 by the end of the matter-dominated epoch if the model
is not enter the regime ξ > 1.
In Fig. 4.8 we plot, for the mode k = 600a0H0, the evolution of s and m for λ = 2.5 with
three different values of n. When n = 3.07 the critical redshift is given by zc ∼ 1.05 with
m ∼ 1×10−5. The rapid increase of s occurs in the regime ξ > 1, after which the growth rate
reaches a maximum value smax ∼ 2. The present value of m is found to be m = 4.5× 10−4,
which is an order of magnitude larger than its corresponding value at ξ = 1. Using the
criterion (1.2), we obtain the constraints n > 3.23 and m(z = 0) < 2.9× 10−4 for λ = 2.5.
The present value of m in this model is an order of magnitude larger than the corresponding
values arising in the constant m models, as well as the f(R) = R− λRc(R/Rc)β model.
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Figure 4.8: The evolution of perturbations for the model f(R) = R − λRc[1 −
(1 +R2/R2c)
−n
] with λ = 2.5. The left-hand panel depicts s = δ′m/δm versus the red-
shift, z, for the mode k/a0H0 = 600 with three different values of n. The right-hand panel
shows the evolution of the quantity m with respect to z for k/a0H0 = 600.
We also find that in contrast to the model f(R) = R − λRc(R/Rc)β the constraints on
n for the Starobinsky model are sensitive to the values of the parameter λ. For larger values
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of λ the constraints on n are weaker. For example, for λ = 10 and λ = 50 we find the
corresponding constraints on n imposed by (1.2) to be n > 1.74 (m(z = 0) ∼ 1.4 × 10−4)
and n > 1.09 (m(z = 0) ∼ 1.1×10−4), respectively. This can be understood in the following
way. When λ is increased, we obtain a larger ratio R1/Rc from Eq. (4.143), which also leads
to a larger ratio R/Rc in the past. Consequently from Eq. (4.144) a smaller value of n is
sufficient to realise the condition |m| ≪ 1. It can also be seen from the form of the action
that the values of Rc can also effect the constraints on n. We find that for small values of λ,
Rc has a small effect on the constraint, whereas for large values of λ the effect of changing
Rc is negligible.
From Eq. (4.144) we find that m can be negative for −1
2
< n < 0 (and λ > 0) in
the regime R ≫ Rc. When n is close to zero, the models are close to the model f(R) =
R − λRc(R/Rc)β discussed above. We find that s(z = 0) is larger than −1 for |n| <
9.3 × 10−5, in which case we have |m(z = 0)| < 4.5 × 10−5. When n is close to −1
2
,
Eq. (4.144) seems to suggest that the models should be close to the constant m models.
However, care needs to be taken in this case since m changes sign from negative to positive
values at (R/Rc)2 = 1/(2n + 1) deep into the matter-dominated epoch. As a result, for n
close to −1
2
, we numerically find that the growth rate shows a rapid increase for (R/Rc)2 <
1/(2n+1). Thus, in the limit n→ −1
2
, the models do not behave as constant m models and
they are excluded observationally.
Analysis of the Hu & Sawicki [117] model, f(R) = R − λRc (R/Rc)
2n
(R/Rc)2n+1
(n > 0), leads
to constraints on the parameters n and m(z = 0) such that n > 3.33 and m(z = 0) <
2.15 × 10−4, respectively, when λ = 2.5 and k/a0H0 = 600. These are similar to the
constraints derived above.
In summary, the present values of m are constrained to be m(z = 0) . 10−4 from the
bound (1.2) in both the Starobinsky and Hu & Sawicki models.
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4.5 Summary
We have made a detailed study of the evolution of density perturbations in f(R) gravity the-
ories in both the metric and Palatini formalisms and employed this to determine the viability
of models in each case. To study the viability of concrete models, we considered three sets
of constraints provided by the background cosmological evolution, local gravity experiments
and the evolution of matter density perturbations, respectively.
We began by considering the cosmological and local gravity constraints. For models sat-
isfying these constraints, we then proceeded to determine additional bounds arising from the
evolution of density perturbations. This allowed us to further constrain the model parameters
as well as their deviation from the ΛCDM model.
The f(R) theories in the metric formalism are equivalent to generalised Brans-Dicke the-
ories with a scalar-field potential V (φ) and Brans-Dicke parameter ωBD = 0. The presence
of the field potential allows for the construction of f(R) models that satisfy the local gravity
constraints under the use of a chameleon mechanism. We found that if typical models of the
forms (4.35) and (4.36) are to satisfy the cosmological and local gravity constraints, the pa-
rameter m must be much smaller than unity during the radiation and matter eras. However,
it can grow to values of the order of 0.1 in the accelerated epoch. Models in the metric for-
malism also suffer from an additional fine-tuning due to the presence of scalaron oscillating
modes (which are absent in the Palatini case). Finally, to be stable these theories require f,RR
to be positive.
On the other hand, the f(R) theories in the Palatini formalism correspond to gener-
alised Brans-Dicke theories with a scalar-field potential V (φ) and Brans-Dicke parameter
ωBD = −32 . This makes these theories special in the sense that the oscillating scalar de-
gree of freedom (scalaron) is absent in these theories and therefore the corresponding fine
tuning is not required. Moreover, in contrast to the case of the metric formalism, there is
no notion of field mass M that determines an interaction length mediated by a fifth-force.
Thus the LGC for these theories need to be analysed separately in contrast to theories with
ωBD 6= −32 . The main condition required in order to satisfy the LGC is that |m| must be
smaller than the order of unity. Moreover, the requirement for cosmological viability in the
Palatini formalism is not severe compared to the metric case. Thus, in order to satisfy the
cosmological and local gravity constraints, we do not require vanishingly small values of m
during the radiation and matter dominated epochs and, furthermore, f,RR can be negative in
this case. As a result, even models of the type f(R) = R − µ2(n+1)/Rn with n > 0 are
allowed at the background level, which is not so in the metric formalism.
We then studied the constraints provided by the evolution of density perturbations. In
the case of the metric formalism we derived the equations for matter perturbations under
sub-horizon approximations in several different gauges. In the regime M2 ≫ k2/a2 (i.e.,
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ξ ≪ 1), we found the approximate perturbation equations to be valid even without using
sub-horizon approximations, provided that the scalaron mode is not dominant relative to the
matter-induced mode. This is a consequence of the fact that, when M2 ≫ k2/a2, the evolu-
tion of perturbations mimics that in General Relativity. After the Universe enters the regime
M2 ≪ k2/a2, the modes are inside the Hubble radius due to the fact that the condition
M2 ≫ R is required for compatibility with LGC. Thus, for the models that satisfy LGC, as
long as the scalarons do not dominate over the matter-induced mode, approximate perturba-
tion equations are valid even for those modes that initially lie outside the Hubble radius. In
the Palatini case the approximate equations are even more reliable because of the absence of
scalarons.
In the metric formalism, most viable f(R) models take the form m(r) = C(−r − 1)p
(p > 1) in the regimes where the Ricci scalar is larger than its present cosmological value.
In these models, the modes relevant to the observed matter power spectrum correspond to
the regime M2 ≫ k2/a2 with the growth rate s = δ′m/δm = 1 at the beginning of the matter
era. These models typically enter the regime M2 ≪ k2/a2 during the matter era in which the
growth rate of matter perturbations is given by s = 1.186. If we use the present observational
bound s . 1.5, we do not obtain strong constraints on these models. However, since the
transition time at k/a = M depends upon the mode k, there is a difference in the spectral
indices between the matter power spectrum and the CMB spectrum [see Eq. (4.106)]. If we
take the bound ∆n < 0.05, the models with p ≥ 5 are allowed. The present value of the
parameter m is constrained to be m(z = 0) . 10−1. Thus, while m needs to be negligibly
small during the radiation and matter eras, one can have an appreciable deviation from the
ΛCDM model around the present epoch.
In the Palatini formalism, the approximate matter perturbation equations are valid even
for super-Hubble modes for models satisfying LGC (|m| ≪ 1). If m is positive, there is a
strong amplification of δm in the regime ξ ≫ 1, whereas if m < 0 the matter perturbation
exhibits a damped oscillation for |ξ| ≫ 1. When the quantity m evolves as m ∝ t2p during
the matter era, we have analytically estimated the growth rate s for both positive and negative
values of m [see Eqs. (4.132) and (4.135), respectively]. From the requirement that the
Universe does not enter the regimes |ξ| > 1 during the matter era, we obtain the constraint
|m(z)| . (a0H0/k)2 for z > O(1). While this is a good criterion to avoid non-standard
evolution of matter perturbations, one needs to carry out a more detailed analysis to place
constraints on the quantity m for each f(R) model. When m is positive, we have obtained
the constraint m . 10−5 by considering the modes k relevant to the matter power spectrum.
We also studied the evolution of perturbations for the models f(R) = R − λRc(R/Rc)β
and f(R) = R − λRc[1 − (1 + R2/R2c)−n]. For these models we found the constraints
m(z = 0) . 10−5 and m(z = 0) . 10−4, respectively, from the requirement s . 1.5. Thus,
unlike the metric case, the deviation from the ΛCDM model at the present epoch is small
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even when m grows from the matter era to the accelerated epoch. This situation does not
change for negative values of m.
To summarise, therefore, for viable models in the metric formalism, the quantity m is
constrained from LGC to be very much smaller than unity during the matter era, but it can
grow to order 0.1 around the present epoch. In the Palatini formalism, LGC and background
cosmological constraints do not place strong bounds on m (only requiring |m| . 10−1), but
the density perturbations can provide stringent constraints: |m| . 10−5-10−4. Thus, in the
Palatini case the f(R) theories are hardly distinguishable from the ΛCDM model even at
the present epoch. This follows due to a peculiar evolution of the matter perturbations in
the regime |ξ| > 1 that exhibits rapid growth (when m > 0) or damped oscillations (when
m < 0).
While the constraints obtained here are sufficient to derive order of magnitude constraints
on the allowed parameter values, it will be of interest to obtain more precise bounds by using
recent and upcoming observational data, including large scale structure, CMB, Supernova
Ia, gamma-ray bursts and weak lensing.
Chapter 5
Observational constraints on
scalar-tensor models of dark energy
In the previous chapter we demonstrated that f(R) gravity in the Einstein frame corresponds
to a constant coupling, Q = −1/√6, between dark energy and the non-relativistic fluid.
Basically, this is equivalent to the coupled quintessence scenario [133] with a specific cou-
pling. Our aim in this chapter is to generalise the analyses of Chapter 4 to scalar-tensor
theories with the action (5.9), in which case the coupling Q is an arbitrary constant. Af-
ter the pioneering works of Refs. [81; 100; 134; 135; 136; 137; 138; 139] the dark en-
ergy dynamics in scalar-tensor theories has been investigated in many papers, including
Refs. [140; 141; 142; 143; 144; 145; 146]. If the mass of the quintessence field, ϕ, is
always of the order of H0, the solar-system constraint ωBD > 4.0 × 104 [45; 46; 147] gives
the bound |Q| < 2.5× 10−3. Previous studies dealing with the compatibility of scalar-tensor
DE models with LGC have restricted their analysis to this small coupling region [144; 145].
Here we extend the analysis to include cases in which the coupling |Q| is larger than the
above massless bound [148]. In fact, as we have already discussed, one can design the po-
tential, V (ϕ), in such a way that the mass of the field is sufficiently heavy in the high-density
region so as to satisfy LGC through the chameleon mechanism. We shall construct such a
viable field potential inspired by the case of f(R) gravity and place experimental bounds on
model parameters, which can be expressed as functions of Q [148].
We shall also study the variation of the equation of state for DE and the evolution of
density perturbations in such scalar-tensor theories. Interestingly, we find that the divergent
behaviour of wDE is also present as in the case of both f(R) gravity [148] and f(G) gravity
[149]. In all cases, this divergence is associated with the increase of F as we go back in
time and occurs when Ωm = F0/F , where F0 is the present value of F . We also estimate the
growth rate of matter perturbations and show that the non-standard evolution of perturbations
manifests itself from a certain epoch (depending upon model parameters) during the matter
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era [148]. This is useful to place constraints on model parameters using the data from large
scale structure and the CMB.
5.1 Scalar-tensor theories
We start with a class of scalar-tensor theories, which includes the pure f(R) theories as well
as the quintessence models as special cases, of the form
S =
∫
d4x
√−g
[
1
2
f(φ,R)− 1
2
ζ(φ)(∇φ)2
]
+ Sm(gµν , ψm) . (5.1)
Here, f is a general differentiable function of the scalar field φ and the Ricci scalar R, ζ is
a differentiable function of φ, and Sm is a matter Lagrangian that depends on the metric gµν
and matter fields ψm. The action (5.1) can be transformed to the Einstein frame under the
conformal transformation (2.57):
g˜µν = Ω
2 gµν ,
where
Ω =
√
F and F =
∂f
∂R
.
In what follows we shall consider F to be positive in order to ensure that gravity is attractive.
We shall be considering theories of the type
f(φ,R) = F (φ)R− 2V (φ) , (5.2)
for which the conformal factor, Ω, depends upon φ only. Introducing a new scalar field ϕ
(not be confused with the metric perturbation, ϕ, that appears in earlier chapters):
ϕ =
∫ 
√
3
2
(
F,φ
F
)2
+
ζ
F

 dφ , (5.3)
the action in the Einstein frame becomes
SE =
∫
d4x
√
−g˜
[
1
2
R˜ − 1
2
(∇˜ϕ)2 − U(ϕ)
]
+ Sm(g˜µνF
−1, ψm) , (5.4)
where a tilde represents quantities in the Einstein frame and
U =
V
F 2
. (5.5)
We recall from Sec. 2.2.2 that in f(R) gravity, the conformal factor, Ω, depends only
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on R. Introducing the new scalar field (2.66), we found that the f(R) action in the Einstein
frame is given by (2.67) [or equivalently (5.4)] while the potential is defined in Eq. (2.68).
Hence, the f(R) gravity can be cast in the form of scalar-tensor theories of the type (5.1)
with (5.2), by identifying the potential in the Jordan frame to be
V =
RF − f
2
. (5.6)
In order to describe the strength of the coupling between dark energy and a non-relativistic
matter, we introduce the following quantity
Q = −F,ϕ
2F
. (5.7)
From Eq. (2.66) one has F = e2ϕ/
√
6
, which shows that the f(R) gravity corresponds to
Q = −1/
√
6 .
In what follows we shall study a class of scalar-tensor theories where Q is treated as an
arbitrary constant. This class includes a wider family of models, including f(R) gravity,
induced gravity and quintessence models. Using Eqs. (5.3) and (5.7) we have the following
relations
F = e−2Qϕ , ζ = (1− 6Q2)F
(
dϕ
dφ
)2
. (5.8)
Then action (5.1) in the Jordan frame together with (5.2) yields
S =
∫
d4x
√−g
[
1
2
FR− 1
2
(1− 6Q2)F (∇ϕ)2 − V
]
+ Sm(gµν , ψm) . (5.9)
Note that in the limit, Q → 0, the action (5.9) reduces to the one for a minimally coupled
scalar field, ϕ, with a potential V (ϕ).
It is informative to compare (5.9) with the generalised Brans-Dicke theory (2.44):
S =
∫
d4x
√−g
[
1
2
χR− ωBD
2χ
(∇χ)2 − V
]
+ Sm(gµν , ψm) . (5.10)
Setting χ = F = e−2Qϕ, one easily finds that the two actions are equivalent if the parameter
ωBD is related to Q via the relation
3 + 2ωBD =
1
2Q2
. (5.11)
Under this condition, the theories given by (5.9) are equivalent to the Brans-Dicke theories
(2.44).
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5.2 Background cosmological dynamics
In this section we shall discuss the cosmological dynamics for the action (5.9) in the flat
FLRW spacetime (2.85). As a source of the matter action, Sm, we consider a non-relativistic
fluid with energy density ρm and a radiation with energy density ρr. The evolution equations
in the Jordan frame are then given by
3FH2 =
1
2
(1− 6Q2)Fϕ˙2 + V − 3HF˙ + ρm + ρr , (5.12)
2FH˙ = −(1− 6Q2)Fϕ˙2 − F¨ +HF˙ − ρm − 4
3
ρr , (5.13)
ρ˙m + 3Hρm = 0 , (5.14)
ρ˙r + 4Hρr = 0 . (5.15)
Taking the time-derivative of Eq. (5.12) and using Eq. (5.13), we obtain
(1− 6Q2)F
(
ϕ¨+ 3Hϕ˙+
F˙
2F
ϕ˙
)
+ V,ϕ +QFR = 0 , (5.16)
where the Ricci scalar is given by Eq. (2.102).
In order to study the cosmological dynamics, it is convenient to introduce the following
dimensionless phase space variables
x1 =
ϕ˙√
6H
, x2 =
1
H
√
V
3F
, x3 =
1
H
√
ρr
3F
. (5.17)
Then the constraint equation (5.12) gives
Ωm ≡ ρm
3FH2
= 1− (1− 6Q2)x21 − x22 − 2
√
6Qx1 − x23 . (5.18)
We also define the following quantities
Ωr ≡ x23 , ΩDE ≡ (1− 6Q2)x21 + x22 + 2
√
6Qx1 . (5.19)
Eq. (5.18) then yields the relation Ωm + Ωr + ΩDE = 1.
From Eqs. (5.13) and (5.16) we obtain
H˙
H2
= −1− 6Q
2
2
[
3 + 3x21 − 3x22 + x23 − 6Q2x21 + 2
√
6Qx1
]
(5.20)
+3Q(λx22 − 4Q) ,
ϕ¨
H2
= 3(λx22 −
√
6x1) + 3Q
[
(5− 6Q2)x21 + 2
√
6Qx1 − 3x22 + x23 − 1
]
. (5.21)
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Using these relations, we obtain the following autonomous equations:
dx1
dN
=
√
6
2
(λx22 −
√
6x1) +
√
6Q
2
[
(5− 6Q2)x21 + 2
√
6Qx1 (5.22)
−3x22 + x23 − 1
]
− x1 H˙
H2
,
dx2
dN
=
√
6
2
(2Q− λ)x1x2 − x2 H˙
H2
, (5.23)
dx3
dN
=
√
6Qx1x3 − 2x3 − x3 H˙
H2
, (5.24)
where λ is defined by
λ ≡ −V,ϕ
V
. (5.25)
The exponential potential V (ϕ) = V0e−λϕ produces a constant value of λ. Generally, how-
ever, λ is dependent on ϕ, where the field ϕ is a function of x1, x2 and x3 through the
definition of x2 and Eq. (5.20). Hence Eqs. (5.22)-(5.24) are closed. The effective equation
of state1 is given by
weff ≡ −1− 2
3
H˙
H2
= −1 + 1− 6Q
2
3
(3 + 3x21 − 3x22 + x23 − 6Q2x21 + 2
√
6Qx1) (5.26)
−2Q(λx22 − 4Q) .
In what follows we shall first discuss the case of constant λ and then proceed to consider
the varying λ case.
5.2.1 Constant λ
If λ is a constant, one can derive the fixed points of the system by setting the right hand side
of Eqs. (5.22)-(5.24) to zero. In the absence of radiation (x3 = 0), we obtain the following
fixed points:
1The effective pressure (peff ) and energy density (ρeff ) is obtained by expressing the right hand side of
equations (5.12) and (5.13) as ρeff and (peff + ρeff), respectively. The effective equation of state can then be
defined as weff ≡ peff/ρeff .
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(a) ϕ matter-dominated era (ϕMDE [133])
(x1, x2) =
( √
6Q
3(2Q2 − 1) , 0
)
, Ωm =
3− 2Q2
3(1− 2Q2)2 , (5.27)
weff =
4Q2
3(1− 2Q2) .
(b1) Kinetic point 1
(x1, x2) =
(
1√
6Q+ 1
, 0
)
, Ωm = 0 , weff =
3−√6Q
3(1 +
√
6Q)
. (5.28)
(b2) Kinetic point 2
(x1, x2) =
(
1√
6Q− 1 , 0
)
, Ωm = 0 , weff =
3 +
√
6Q
3(1−√6Q) . (5.29)
(c) Scalar-field dominated point
(x1, x2) =
( √
6(4Q− λ)
6(4Q2 −Qλ− 1) ,
[
6− λ2 + 8Qλ− 16Q2
6(4Q2 −Qλ− 1)2
]1/2)
, (5.30)
Ωm = 0 , weff = −20Q
2 − 9Qλ− 3 + λ2
3(4Q2 −Qλ− 1) .
(d) Scaling solution
(x1, x2) =
(√
6
2λ
,
[
3 + 2Qλ− 6Q2
2λ2
]1/2)
, (5.31)
Ωm = 1− 3− 12Q
2 + 7Qλ
λ2
, weff = −2Q
λ
.
(e) de-Sitter point (present for λ = 4Q)
(x1, x2) = (0, 1) , Ωm = 0 , weff = −1 . (5.32)
Note that, when x3 6= 0 we have a radiation fixed point (x1, x2, x3) = (0, 0, 1).
One can easily confirm that the de-Sitter point exists for λ = 4Q, by setting ϕ˙ = 0 in
Eqs. (5.12), (5.13) and (5.16). This de-Sitter solution appears in the presence of the coupling
Q. Note that this is a special case of the scalar-field dominated point (c).
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When λ is a constant, one can analyse the stability of the critical points (xc1, xc2), i.e.,
Eqs. (5.27)-(5.32), by considering small perturbations δx1 and δx2 such that
x1 = x
c
1 + δx1, x2 = x
c
2 + δx1. (5.33)
Then the autonomous equations (5.22)-(5.24) lead to first-order differential equations for the
perturbations of the form:
d
dN
(
δx1
δx2
)
=M
(
δx1
δx2
)
. (5.34)
The eigenvalues µ1 and µ2 of the matrix M characterise the stability of the fixed points
(xc1, x
c
2). The eigenvalues corresponding to the critical points (a)-(e) are given by
(a)
µ1 = − 3− 2Q
2
2(1− 2Q2) , µ2 =
3 + 2Qλ− 6Q2
2(1− 2Q2) . (5.35)
(b1)
µ1 =
3(
√
6 + 4Q− λ)√
6 + 6Q
, µ2 =
3 +
√
6Q
1 +
√
6Q
. (5.36)
(b2)
µ1 =
3(
√
6− 4Q+ λ)√
6− 6Q , µ2 =
3−√6Q
1−√6Q . (5.37)
(c)
µ1 = −6− λ
2 + 8Qλ− 16Q2
2(1− 4Q2 +Qλ) , µ2 = −
3− λ2 + 7Qλ− 12Q2
1− 4Q2 +Qλ . (5.38)
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(d)
µ1,2 =
3(2Q− λ)
4λ
[
1± (5.39)
√
1 +
8(6Q2 − 2Qλ− 3)(12Q2 + λ2 − 7Qλ− 3)
3(2Q− λ)2
]
.
(e)
µ1 = µ2 = −3 . (5.40)
Now given a value for λ, and using the stability conditions presented above, the cosmological
dynamics can be specified. We shall briefly discuss the cases Q = 0 and Q 6= 0 in turn.
1. Q = 0
When Q = 0 (i.e., F = 1, which corresponds to a standard minimally coupled scalar field),
the eigenvalues µ1 and µ2 of the Jacobian matrix for perturbations about the fixed points
reduce to those derived in Ref. [22] (see Ref. [150; 151] for earlier works). In this case the
matter-dominated era corresponds to either the point (a) or (d). The point (a) is a saddle node
because µ1 = −3/2 and µ2 = 3/2. The point (d) is stable for λ2 > 3, in which case Ωm < 1.
The late-time accelerated expansion (weff < −1/3) can be realised by using the point (c),
under the condition λ2 < 2. Under this condition the point (c) is a stable node. Hence, if
λ2 < 2, the saddle matter solution (a) is followed by the stable accelerated solution (c) [note
that in this case Ωm < 0 for the point (d)]. The scaling solution, (d), can have a matter era for
λ2 ≫ 1, but in this case the epoch following the matter era is not of an accelerated nature.
2. Q 6= 0
We next consider the case of non-zero values of Q. Here we do not consider the special case
of λ = 4Q which gives rise to the de-Sitter point. If the point (a) is responsible for the matter-
dominated epoch, we require the condition Q2 ≪ 1. We then have Ωm ≃ 1 + 10Q2/3 > 1
and weff ≃ 4Q2/3 for the ϕMDE. When Q2 ≪ 1 the scalar-field dominated point, (c), yields
an accelerated expansion provided that −√2+4Q < λ < √2+4Q2. Under these conditions
the ϕMDE point is followed by a phase of late-time acceleration. It is worth recalling that
in the case of f(R) gravity (Q = −1/√6) the ϕMDE point corresponds to Ωm = 2 and
2Note that under the condition Q2 ≪ 1 and in the case where the dynamics is in the accelerated epoch, the
condition |Qλ| < 1 is also satisfied.
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weff = 1/3. In this case the universe in the matter era prior to late-time acceleration evolves
as a ∝ t1/2, which is different from the evolution in the standard matter dominated epoch.
We note that the scaling solution, (d), can give rise to the equation of state, weff ≃ 0
for |Q| ≪ |λ|. In this case, however, the condition weff < −1/3 for the point (c) leads
to λ2 . 2. Consequently the energy fraction of the pressureless matter for the point (d)
does not satisfy the condition Ωm ≃ 1. In summary, the viable cosmological sequence
corresponds to a trajectory from the ϕMDE point to the scalar-field dominated point, (c),
under the conditions Q2 ≪ 1 and −√2 + 4Q < λ < √2 + 4Q.
5.2.2 Varying λ
When the time-scale of the variation of λ is smaller than that of the cosmic expansion, the
fixed points derived above, in the case of constant λ, can be regarded as “instantaneous”
fixed points [152; 153]. We shall briefly consider the cases of Q = 0 and Q 6= 0 in turn.
1. Q = 0
We begin with a brief discussion of the Q = 0 case. If the condition λ2 < 2 is satisfied
throughout the cosmic evolution, the cosmological trajectory is similar to the constant λ case
discussed above except for the fact that the fixed points are regarded as the “instantaneous”
ones. In this case the saddle matter solution (a) is followed by the accelerated point (c).
When λ2 ≫ 1 the scaling solution, (d), is stable with Ωm ≃ 1. Hence the cosmological
trajectory during the matter era chooses the scaling solution, (d), rather than the saddle point
(a). If |λ| decreases at late-times, such that it satisfies the acceleration condition λ2 < 2,
the trajectory stops following the solution represented by the matter point (d) to follow the
scalar-field dominated point (c)3. A representative model of this type is provided by the
double exponential potential, V (ϕ) = V0(e−λ1ϕ + e−λ2ϕ), with λ21 ≫ 1 and λ22 < 2 [154].
The assisted quintessence models in Ref. [155] also lead to a similar cosmological evolution.
2. Q 6= 0
We shall now proceed to consider the case of non-zero Q. If |λ| is initially much larger than
unity and decreases with time, it happens that the solutions finally approach the de-Sitter
solution (e) with λ = 4Q. While the point, (e), is stable for constant λ, it is not obvious that
this property also holds for a varying λ. In what follows we shall discuss the stability of the
de-Sitter point.
It is convenient to consider the variable λ(ϕ) as a function of F (ϕ), i.e., λ = λ(F ). We
3Note that the de-Sitter solution (e), in this case, exists only for λ = 0, i.e., the cosmological constant.
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define a variable, x4 ≡ F , that satisfies the following equation
dx4
dN
= −2
√
6Qx1x4 , (5.41)
where the right hand side vanishes at the de-Sitter point (e). Considering the 3×3 matrix for
perturbations δx1, δx2 and δx4 around the point (e), we obtain the eigenvalues
µ1 = −3 , µ2,3 = −3
2
[
1±
√
1− 8
3
F1Q
dλ
dF
(F1)
]
, (5.42)
where F1 ≡ F (ϕ1) is the value of F at the de-Sitter point with the field value ϕ1. Since
F1 > 0, we find that the de-Sitter point is stable for
Q
dλ
dF
(F1) > 0 , i.e.,
dλ
dϕ
(ϕ1) < 0 . (5.43)
We have checked that this agrees with the stability condition derived in Refs. [156; 157] by
considering metric perturbations about the de-Sitter point.
In the context of f(R) gravity this condition translates into dλ/dF < 0. Since in this
case F = e2ϕ/
√
6 = df/dR and V = (RF − f)/2, we have λ = −Rf,R/
√
6V . Then,
together with the fact that Rf,R = 2f holds for the de-Sitter point, the condition dλ/dF < 0
is equivalent to R < f,R/f,RR. For positive R this gives
0 <
Rf,RR
f,R
< 1 , (5.44)
which agrees with the stability condition for the de-Sitter point derived in Ref. [43].
We recall that in the context of f(R) gravity studied above, the model based on the
lagrangian density (4.37):
f(R) = R− µRc
[
1− (R/Rc)−2n
]
(µ > 0, Rc > 0, n > 0) ,
was shown to be consistent with cosmological and local gravity constraints. For this model,
ϕ is related to the Ricci scalar, R, via the relation e2ϕ/
√
6 = 1− 2nµ(R/Rc)−(2n+1). Hence
the potential, V = (FR− f)/2, can be expressed in terms of the field, ϕ, as
V (ϕ) =
µRc
2
[
1− 2n+ 1
(2nµ)2n/(2n+1)
(
1− e2ϕ/
√
6
)2n/(2n+1)]
. (5.45)
The parameter λ is then given by
λ = − 4n√
6(2nµ)2n/(2n+1)
e2ϕ/
√
6
(
1− e2ϕ/
√
6
)−1/(2n+1)
× (5.46)
[
1− 2n+ 1
(2nµ)2n/(2n+1)
(
1− e2ϕ/
√
6
)]−2n/(2n+1)
.
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In the deep matter-dominated epoch in which the condition R/Rc ≫ 1 is satisfied, the field
ϕ is very close to zero. For n and µ of the order of unity, |λ| is much larger than unity
during this stage. Hence the matter era is realised by the instantaneous fixed point (d). As
the ratio R/Rc gets smaller, |λ| decreases to the order of unity. If the solutions reach the
point λ = 4Q = −4/√6 and satisfy the stability condition, dλ/dF < 0, the final attractor
corresponds to the de-Sitter fixed point (e).
For the theories with general couplings Q, let us consider the following scalar-field po-
tential
V (ϕ) = V0
[
1− C(1− e−2Qϕ)p] (V0 > 0, C > 0, 0 < p < 1) , (5.47)
as a natural generalisation of Eq. (5.45). The slope of the potential is given by
λ =
2C pQe−2Qϕ(1− e−2Qϕ)p−1
1− C(1− e−2Qϕ)p . (5.48)
When Q > 0, the potential energy decreases from V0 as ϕ increases from 0. On the other
hand, if Q < 0, the potential energy decreases from V0 as ϕ decreases from 0. In both cases
we have V (ϕ)→ V0(1− C) in the limits ϕ→∞ (for Q > 0) and ϕ→ −∞ (for Q < 0).
In the model (5.47) the field is stuck around the value ϕ = 0 during the deep radiation
and matter epochs. In these epochs one has R ≃ ρm/F from Eqs. (5.12), (5.13) and (2.102)
by noting that V0 is negligibly small compared to ρm or ρr. Using Eq. (5.16), we obtain the
relation V,ϕ + Qρm ≃ 0. Hence, in the high-curvature region the field, ϕ, evolves along the
instantaneous minimum given by
ϕm ≃ 1
2Q
(
2V0pC
ρm
) 1
1−p
. (5.49)
We stress here that a range of minima appears depending upon the magnitude of the
energy density ρm of the non-relativistic matter. As long as the condition ρm ≫ V0pC is
satisfied, we have |ϕm| ≪ 1 from Eq. (5.49).
Since Eq. (5.48) suggests that |λ| ≫ 1 for field values around ϕ = 0, the instantaneous
fixed point (d) can represent the matter-dominated epoch provided that |Q| ≪ |λ|. The
deviation from Einstein gravity manifests itself when the field begins to evolve towards the
end of the matter era. The variable F = e−2Qϕ decreases in time irrespective of the sign of
the coupling strength and therefore 0 < F < 1. This decrease of F is crucial to the divergent
behaviour of the equation of state of DE, as we will see in Sec. 5.4.
The de-Sitter solution corresponds to λ = 4Q, i.e.,
C =
2
(1− F1)p−1 [2 + (p− 2)F1] , (5.50)
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Figure 5.1: The evolution of ΩDE, Ωm, Ωr and weff for the model (5.47) with parameters
Q = 0.01, p = 0.2 and C = 0.7 and initial conditions x1 = 0, x2 = 2.27× 10−7, x3 = 0.7
and x4 − 1 = −5.0× 10−13.
where F1 is the value of F at the point (e). Provided that the solution of this equation exists
in the region 0 < F1 < 1, for given values of C and p, the de-Sitter point exists. From
Eq. (5.48) we obtain
dλ
dϕ
= −4CpQ
2F (1− F )p−2[1− pF − C(1− F )p]
[1− C(1− F )p]2 . (5.51)
When 0 < C < 1, one can easily show that the function g(F ) ≡ 1 − pF − C(1− F )p
is positive in the region 0 < F < 1 giving dλ/dϕ < 0. Hence, the conditions for a stable
de-Sitter point are automatically satisfied. In this case the solutions approach the de-Sitter
attractor after the end of the matter era.
When C > 1, the function g(F ) becomes negative for values of F that are smaller than
the critical value Fc (< 1). The de-Sitter point (e) is stable under the condition 1 − pF1 >
C(1− F1)p. Using Eq. (5.50) we find that this stability condition translates to
F1 >
1
2− p . (5.52)
If this condition is violated, the solutions choose another stable fixed point as an attractor.
In summary, when 0 < C < 1, the matter point (d) can be followed by the stable de-Sitter
solution (e) for the model (5.47). In Fig. 5.1 we plot the evolution of ΩDE, Ωm, Ωr and weff
for Q = 0.01, p = 0.2 and C = 0.7. Beginning from the epoch of matter-radiation equality,
the solutions first dwell around the matter point (d) with weff ≃ 0 and finally approach the
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de-Sitter attractor (e) with weff ≃ −1. We have also numerically confirmed that λ is initially
much larger than unity and eventually approaches the value λ = 4Q.
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5.3 Local gravity constraints
In the absence of the potential, V (ϕ), the Brans-Dicke parameter ωBD is constrained to be
ωBD > 4.0× 104 from solar-system experiments [45; 46]. Note that this bound also applies
to the case of a nearly massless field with the potential V (ϕ) in which the Yukawa correction,
e−Mℓ, is close to unity (where M is the scalar field mass and ℓ is an interaction length). Using
the bound ωBD > 4.0× 104 in Eq. (5.11), we find
|Q| < 2.5× 10−3 (for the massless case). (5.53)
This is a strong constraint under which the cosmological evolution for such theories is dif-
ficult to distinguish from the Q = 0 case. In this section we consider the case in which the
mass, M , of the scalar field, ϕ, is sufficiently heavy so that the interaction range of the field
(∼ 1/M) becomes short so as to satisfy LGC.
5.3.1 Solar system constraints
Here it is useful to recall our discussions from Sec. 4.1.2 on the chameleon mechanism
in MG theories. There we essentially established that the models (4.37) can satisfy LGC
because the mass, M , of the field potential (5.45) is sufficiently heavy in the high-density
region where the Ricci scalar, R, is much larger than Rc. Since the field mass, mϕ, inside the
body is much heavier than that outside the body, most of the volume element within the core
does not contribute to the field profile at ℓ > ℓ⋆ except for a thin-shell around the surface of
the body. (Note that this contribution is proportional to e−Mx, where x is a distance from the
volume element to a point outside the body). In the case of general couplings, Q, the models
presented in Eq. (5.47) can be compatible with LGC. Under the condition |Qϕ| ≪ 1, one has
U,ϕ ≃ −2V0QpC(2Qϕ)p−1 for the potential U = V/F 2 in the Einstein frame (5.5). Then
from Eq. (4.27) we obtain the field values at the potential minima inside/outside the body:
ϕA ≃ 1
2Q
(
2V0 pC
ρA
) 1
1−p
, ϕB ≃ 1
2Q
(
2V0 pC
ρB
) 1
1−p
, (5.54)
which satisfy |ϕA| ≪ |ϕB|. Note that these are analogous to the field value, ϕm, derived in
Eq. (5.49) in the cosmological setting. In order to realise the accelerated expansion at the
present epoch, V0 needs to be roughly the same order as the square of the present Hubble
parameter H0. Thus V0 ∼ H20 ∼ ρ0, where ρ0 ≃ 10−29 g/cm3 is the present cosmological
density. Note that the baryonic/dark matter density in our galaxy corresponds to ρB ≃ 10−24
g/cm3 [158; 159; 160]. This then shows that the conditions |QϕA| ≪ 1 and |QϕB| ≪ 1 are
in fact satisfied provided that C is not much larger than unity.
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The field mass squared, m2ϕ ≡ d2U/dϕ2, at ϕ = ϕA is approximately given by
m2ϕ(ϕA) ≃
1− p
(2p pC)1/(1−p)
Q2
(
ρA
V0
) 2−p
1−p
V0 . (5.55)
This means that mϕ(ϕA) can be much larger than H0 due to the condition ρA ≫ V0. There-
fore, while the mass mϕ is not different from the order of H0 on cosmological scales, it
increases in the regions with a higher energy density.
Let us place constraints on the model parameters by using the solar system bound (4.34).
In so doing, we shall consider the case where the solutions finally approach the de-Sitter
point (e). Since we have ∆ℓ⋆/ℓ⋆ ≃ ϕB/(6QΦ⋆) with ϕB given in Eq. (5.54), the bound
(4.34) translates into
(2V0pC/ρB)
1/(1−p) < 1.2× 10−10|Q| , (5.56)
where we have used the value Φ⋆ = Φ⊙ = 2.12×10−6 for the Sun [47; 124]. At the de-Sitter
point, (e), one has 3F1H21 = V0[1−C(1−F1)p] with C given in Eq. (5.50). Hence, we obtain
the following relation
V0 = 3H
2
1
2 + (p− 2)F1
p
. (5.57)
Substituting this into Eq. (5.56) we find
(
R1
ρB
)1/(1−p)
(1− F1) < 1.2× 10−10 |Q| , (5.58)
where R1 = 12H21 is the Ricci scalar at the de-Sitter point. Since the term (1 − F1) is
smaller than one half from the condition (5.52) we obtain the inequality (R1/ρB)1/(1−p) <
2.4 × 10−10|Q|. We assume that R1 is of the order of the present cosmological density
ρ0 = 10
−29 g/cm3. Taking the baryonic/dark matter density to be ρB = 10−24 g/cm3 outside
the Sun [158; 159; 160] we obtain the following bound
p > 1− 5
9.6− log10 |Q|
. (5.59)
For |Q| = 10−2 and |Q| = 10−1 this gives p > 0.57 and p > 0.53 respectively. The
above bound corresponds to p > 0.50 for the case of f(R) gravity, which translates into the
condition n > 0.5 in Eq. (5.45). This agrees with the result found in Ref. [124].
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5.3.2 Equivalence principle constraints
Let us proceed by considering the constraints resulting from a possible violation of the equiv-
alence principle (EP). Under the condition that the neighbourhood of the Earth has a thin-
shell, the tightest bound comes from solar system tests of the EP that make use of the free-fall
accelerations of the Moon (aMoon) and the Earth (a⊕) toward the Sun [47; 124]. The bound
on the differences between the two accelerations is [61]
2
|aMoon − a⊕|
aMoon + a⊕
< 10−13 . (5.60)
Since the acceleration induced by a fifth-force with the field profile ϕ(ℓ) and the effective
coupling is given by afifth = |Qeffϕ(ℓ)| we obtain [47]
a⊕ =
GNM⊙
r2
[
1 + 18Q2
(
∆ℓ⊕
ℓ⊕
)2
Φ⊕
Φ⊙
]
, (5.61)
aMoon =
GNM⊙
r2
[
1 + 18Q2
(
∆ℓ⊕
ℓ⊕
)2 Φ2⊕
Φ⊙ΦMoon
]
,
where Φ⊙ ≃ 2.1× 10−6, Φ⊕ ≃ 7.0× 10−10 and ΦMoon ≃ 3.1× 10−11, are the gravitational
potentials of the Sun, the Earth and the Moon, respectively [47; 124]. Note that ∆ℓ⊕/ℓ⊕ is
the thin-shell parameter of the Earth. From the bound (5.60), this is constrained to be
∆ℓ⊕
ℓ⊕
<
8.8× 10−7
|Q| . (5.62)
Note also that the thin-shell condition for the neighbourhood outside the Earth provides the
same order of the upper bound for ∆ℓ⊕/ℓ⊕ [124].
Taking a similar procedure as in the case of the solar system constraints discussed above
(using the value R1 = 10−29 g/cm3 and ρB = 10−24 g/cm3), we obtain the following bound:
p > 1− 5
13.8− log10 |Q|
. (5.63)
This is tighter than the bound (5.59). When |Q| = 10−2 and |Q| = 10−1 we have p > 0.68
and p > 0.66, respectively. In the case of f(R) gravity the above bound corresponds to
p > 0.65 which translates to n > 0.9 for the potential (5.45).
In summary, the LGC can be satisfied under the condition (5.63) for the potential (5.47).
5.3.3 General properties for models consistent with LGC
In this subsection we shall consider the general properties of scalar-tensor theories consistent
with LGC, without specifying the form of the field potential. In order to satisfy the LGC
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Figure 5.2: This illustration describes a field potential V (ϕ) that is consistent with LGC. For
a coupling Q that is positive (negative) the potential evolves in the region ϕ ≥ 0 (ϕ ≤ 0).
In the figure ϕm represents the field value during the radiation/matter eras, which instanta-
neously changes in time. The field value ϕdS corresponds to the one at the de-Sitter point.
Note that both ϕm and ϕdS are sustained by the presence of the coupling Q having potential
minima characterised by the condition (5.64). In the early stages of the cosmological evolu-
tion, the mass M of the field ϕ is heavy for consistency with LGC. This mass gradually gets
smaller as the system approaches the de-Sitter point.
we require that |ϕB − ϕA| is much smaller than |QΦ⋆| from Eq. (4.29). Since there is a
gap between the energy densities inside and outside of the spherically symmetric body, we
have |ϕB − ϕA| ≃ |ϕB|, which implies |ϕB| ≪ |QΦ⋆|. The gravitational potential Φ⋆ is
very much smaller than unity in settings where local gravity experiments are carried out,
hence this yields the constraint |ϕB| ≪ 1. Cosmologically this means that |ϕ| is much
smaller than unity during matter/radiation epochs. When |Q| ≫ 1 the condition |ϕB| ≪
1 is not necessarily ensured, but those cases are excluded by the constraints from density
perturbations unless the model is very close to the ΛCDM model (as we shall see later). In
the following we shall consider the theories with |Q| . 1.
In the region |ϕ| ≪ 1 (i.e., F ≃ 1), the derivative terms are negligible in Eq. (5.16) and
the field stays at the instantaneous minima given by
V,ϕ +QFR = 0 , (5.64)
in the late radiation-dominated and matter-dominated eras. The condition (5.64) translates
into λ/Q = ρm/V which means that λ/Q≫ 1 in the radiation and matter epochs. This is in
fact consistent with the condition |weff | = |2Q/λ| ≪ 1 for the existence of a viable matter
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point (d). If the de-Sitter point (e) is stable, the solutions finally approach the minimum given
by (5.64), i.e., λ/Q = 4.
The sign of λ needs to be the same as that of Q in order to realise the above cosmological
trajectory. When Q > 0, we require λ = −V,ϕ/V > 0, i.e., V,ϕ < 0, which means that the
field, ϕ, evolves along the potential toward larger positive values from ϕ ≃ 0. When Q < 0
the field evolves towards smaller negative values from ϕ ≃ 0.
Such potentials are illustrated in Fig. 5.2. Since the ratio λ/Q decreases from the radia-
tion/matter epochs to the de-Sitter epoch, the derivative dλ/dϕ is negative irrespective of the
sign of Q. We recall that in this case the stability of the de-Sitter point (e) is also ensured.
Since dλ/dϕ = λ2 − V,ϕϕ/V , the mass squared
M2 ≡ V,ϕϕ , (5.65)
is required to be positive to satisfy the condition dλ/dϕ < 0. Moreover, the mass, M , needs
to be sufficiently heavy in order to satisfy the condition M2 > λ2V in the radiation/matter
epochs. The model (5.47) provides a representative example which satisfies all the require-
ments discussed above.
It is worth mentioning that for the models that satisfy LGC, the quantity F = e−2Qϕ in
the matter/radiation eras is larger than its value at the de-Sitter point. It is this property which
leads to an interesting observational signature for the DE equation of state, as we shall see in
the next section.
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5.4 The equation of state of dark energy
In scalar-tensor DE models, a meaningful definition of energy density and pressure of DE
requires some care. In this section, following Ref. [140; 141], we shall discuss the evolution
of the equation of state of DE, which could provide comparisons with observations. In the
absence of radiation, Eqs. (5.12) and (5.13) can be written as
3F0H
2 = ρDE + ρm , (5.66)
−2F0H˙ = ρDE + pDE + ρm , (5.67)
where the subscript “0” represents present values and
ρDE ≡ 1
2
(1− 6Q2)Fϕ˙2 + V − 3HF˙ − 3(F − F0)H2 , (5.68)
pDE ≡ 1
2
(1− 6Q2)Fϕ˙2 − V + F¨ + 2HF˙ + (F − F0)(3H2 + 2H˙) , (5.69)
which satisfy the usual conservation equation
ρ˙DE + 3H(ρDE + pDE) = 0 . (5.70)
We define the equation of state of DE to be
wDE ≡ pDE
ρDE
=
weff
1− (F/F0)Ωm , (5.71)
where Ωm and weff are defined in Eqs. (5.18) and (5.26), respectively. Integrating Eq. (5.14),
we obtain
ρm = 3F0Ω
(0)
m H
2
0 (1 + z)
3 , (5.72)
where Ω(0)m is the present energy fraction of the non-relativistic matter. On using Eqs. (5.66)
and (5.67), we find
wDE = −3r − (1 + z)(dr/dz)
3r − 3Ω(0)m (1 + z)3
, (5.73)
where r = H2(z)/H20 . Note that this is the same equation as the one used in Einstein gravity
[9]. By defining the energy density ρDE and the pressure pDE as given in Eqs. (5.68) and
(5.69), the resulting DE equation of state, wDE, agrees with the usual expression which can
be used to confront the models with SNIa observations.
From Eq. (5.71) we find that wDE becomes singular at the point Ωm = F0/F . This
happens for models in which F increases from its present value F0 as we go back in time.
From Eq. (5.8) it is clear that F decreases in time for Qϕ˙ > 0. We note that even when
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Figure 5.3: Figure depicting the evolution of wDE for Q = 0.1 and C = 0.95 with three
different values of p (0.3, 0.55, 0.7). The redshift zc at which the divergence of wDE occurs
decreases for smaller p.
the system crosses the point Ωm = F0/F physical quantities such as the Hubble parameter
remain continuous.
The models (5.47) satisfy this condition regardless of the sign of Q, which means that
the divergent behaviour of wDE indeed occurs. We recall that in the context of f(R) gravity
(Q = −1/√6) the models f(R) = R − µ2(n+1)/Rn (n > 0) correspond to a scalar field
potential that decreases toward larger ϕ, i.e., ϕ˙ > 0 [161; 126; 37]. Hence, the divergence of
wDE does not occur in such models because of the decrease of F toward the past.
For the models that satisfy |λ| ≫ 1 initially such that |λ| decreases with time, the solu-
tions are in the regime around the instantaneous fixed point (d) during the matter era and fi-
nally approach either the scalar-field dominated point (c) or the de-Sitter point (e). In Fig. 5.3
we plot the evolution of wDE for the case Q = 0.1 and C = 0.95, with three different values
of p. In these cases the final attractor corresponds to the de-Sitter point (e) satisfying the
relation λ = 0.4. During the deep matter era the solutions evolve along the “instantaneous”
fixed point (d) with Ωm close to 1 (because λ ≫ 1). After λ decreases to the order of unity,
the solutions approach the de-Sitter solution (e) with Ωm = 0 and wDE = weff = −1.
Figure 5.3 clearly shows that wDE exhibits a divergence at a redshift zc that depends on
the values of p. When p = 0.3, for example, the divergence occurs around the redshift zc = 3.
For compatibility with LGC we require p > 0.53 from solar system constraints, and p > 0.66
from EP constraints, as was shown in the previous subsection. In those cases the critical
redshift gets larger, which is out of the current SNIa observational range. Nevertheless, the
DE equation of state shows a peculiar evolution that changes from wDE < −1 to wDE >
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−1 at a redshift around zc = O(1). This cosmological boundary crossing, similar to the
divergence of wDE, is attributed to the fact that F increases as we go back in time. It is
worth noting that this is a common feature among viable models that are consistent with
LGC, as we have illustrated in the previous subsection. Moreover, this phenomenon seems
to be present in other viable modifications of gravity, including f(R) gravity [129] and f(G)
gravity [149], which we shall discuss in the next section.
Note that in the limit Q → 0 the potential, V (ϕ), approaches a constant value V (ϕ) →
V0(1 − C). Hence, the models are hardly distinguishable from the ΛCDM model. In these
cases the critical redshift, zc, also goes to infinity. Thus, the effect of modified gravity is
more apparent for larger |Q| and smaller p. In f(R) gravity, for example, the model given
by Eq. (5.45) can give rise to the redshift zc as close as a few [129] while satisfying the
LGC (p > 0.65). These cases are particularly interesting to place tight bounds on model
parameters from future high-precision observations.
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5.5 Matter density perturbations
In this section we discuss the evolution of matter density perturbations and the resulting
spectra for scalar-tensor theories. For this purpose we recall the results of Sec. 2.4. In the
longitudinal gauge, under the redefinition α = Φ and ϕ = −Ψ, the perturbed FLRW line
element (2.118) is given by [97; 103; 104]
ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)dxidxj . (5.74)
Under this redefinition, it proves useful to restate some of the equations presented in Sec. 2.4.
In Fourier space, matter perturbations satisfy the following equations of motion [Eqs. (2.122)-
(2.123)]:
(δρm/ρm)
· = 3Ψ˙− k
2
a2
v , (5.75)
Φ = v˙ , (5.76)
where v ≡ avm is a covariant velocity perturbation. The evolution equation for the gauge-
invariant density contrast, δm, derived in Eq. (2.131) becomes:
δ¨m + 2Hδ˙m +
k2
a2
Φ = 3B¨ + 6HB˙ , (5.77)
where B = Hv +Ψ and δm is defined in Eq. (2.137).
Moreover, the evolution equations for the scalar metric perturbations, Eqs. (2.140)-(2.143),
become:
k2
a2
Ψ+ 3H(HΦ+ Ψ˙) = − 1
2F
[
ωϕ˙δϕ˙+
1
2
(ω,ϕϕ˙
2 − F,ϕR+ 2V,ϕ)δϕ (5.78)
−3HδF˙ +
(
3H˙ + 3H2 − k
2
a2
)
δF + (3HF˙ − ωϕ˙2)Φ + 3F˙ (HΦ+ Ψ˙) + δρm
]
,
HΦ+ Ψ˙ =
1
2F
(
ωϕ˙δϕ+ δF˙ −HδF − F˙Φ + ρmv
)
, (5.79)
Ψ− Φ = δF
F
, (5.80)
δϕ¨+
(
3H +
ω,ϕ
ω
ϕ˙
)
δϕ˙+
[
k2
a2
+
(ω,ϕ
ω
)
,ϕ
ϕ˙2
2
+
(
2V,ϕ − F,ϕR
2ω
)
,ϕ
]
δϕ
= ϕ˙Φ˙ +
(
2ϕ¨+ 3Hϕ˙+
ω,ϕ
ω
ϕ˙2
)
Φ+ 3ϕ˙(HΦ+ Ψ˙) +
1
2ω
F,ϕδR , (5.81)
where δϕ pertains to the scalar field defined in Eq. (5.3), ω = (1− 6Q2)F and
δR = 2
[
−3(HΦ + Ψ˙)· − 12H(HΦ+ Ψ˙) +
(
k2
a2
− 3H˙
)
Φ− 2k
2
a2
Ψ
]
. (5.82)
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As long as the mass,M , defined in Eq. (5.65) is sufficiently heavy, such that it satisfies the
conditions M2 ≫ R and M2 > λ2V (in order to ensure dλ/dϕ < 0), one can approximate
((2V,ϕ − F,ϕR)/2ω),ϕ ≃ M2/ω in Eq. (5.81). While this quantity becomes negative for
Q2 > 1/6 this does not imply that the perturbation δϕ exhibits a negative instability. In fact
we shall illustrate below, that due to the perturbation δR on the right hand side of Eq. (5.81),
the effective mass produced is positive.
Generally, the solution of Eq. (5.81) consists of the sum of the matter-induced mode δϕind
sourced by the matter perturbation and the oscillating mode δϕosc, i.e., δϕ = δϕind + δϕosc.
The oscillating mode corresponds to the solution of Eq. (5.81) in the absence of the matter
perturbation.
In order to derive the approximate perturbation equations on sub-horizon scales, we use
the approximation according to which the terms containing k2/a2, δρm, δR andM2 dominate
in Eqs. (5.78)-(5.81). This method was used in Refs. [9; 81; 100; 127] in the nearly massless
case (M2 . H2). In the context of f(R) gravity we saw in Sec. 4.3.4 that this approximation
is extremely accurate even in the massive case (M2 ≫ H2) as long as the oscillating degrees
of freedom do not dominate over the matter-induced mode [69].
In order to extract the peculiar features of the matter perturbations in scalar-tensor gravity
theories, let us first concentrate on the matter induced mode. Under the above-mentioned
approximation, we have δRind ≃ −2(k2/a2)[Ψ+(F,ϕ/F )δϕind] from Eqs. (5.80) and (5.82),
where the subscript “ind” represents a matter induced mode. Then from Eq. (5.81) we find
δϕind ≃ 2QF
(k2/a2)(1− 2Q2)F +M2
k2
a2
Ψ . (5.83)
Using Eq. (5.78) and (5.80) we obtain
k2
a2
Ψ ≃ −δρm
2F
(k2/a2)(1− 2Q2)F +M2
(k2/a2)F +M2
, (5.84)
k2
a2
Φ ≃ −δρm
2F
(k2/a2)(1 + 2Q2)F +M2
(k2/a2)F +M2
.
In the limit M2/F ≫ k2/a2 one has (k2/a2)Φ ≃ −δρm/2F ≃ −4πGNδρm, which re-
covers the standard Poisson equation. In the limit M2/F ≪ k2/a2 one has (k2/a2)Φ ≃
−(δρm/2F )(1 + 2Q2), where the effect of the coupling Q becomes important.
From Eq. (5.79) we find that v is of the order of FHΦ/ρm. Using the fact that (k2/a2)Φ
is of the order of −(1/F )δρm we can estimate that |3Hv/(δρm/ρm)| ∼ (aH)2/k2 ≪ 1.
Hence we have δm ≃ δρm/ρm in Eq. (2.137). Similarly the terms on the right hand side
of Eq. (5.77) can be neglected relative to those on the left hand side, which leads to the
following equation for matter perturbations:
δ¨m + 2Hδ˙m − 4πGeffρmδm ≃ 0 , (5.85)
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where the effective “cosmological” gravitational coupling is given by
Geff =
1
8πF
(k2/a2)(1 + 2Q2)F +M2
(k2/a2)F +M2
. (5.86)
We can rewrite Eq. (5.85) by using derivatives with respect to N :
d2δm
dN2
+
(
1
2
− 3
2
weff
)
dδm
dN
− 3
2
Ωm
(k2/a2)(1 + 2Q2)F +M2
(k2/a2)F +M2
δm ≃ 0 . (5.87)
From Eq. (5.84) the effective gravitational potential as defined in Eq. (4.79) is given by
Φeff ≃ − a
2
2k2
ρm
F
δm . (5.88)
This coincides with the analogous result in the f(R) theory (4.80). The absence of the
coupling in Eq. (5.88) indicates that the weak lensing in distant galaxies and the ISW effect
in the CMB, both of which depend on Φeff , are not affected by Q.
Furthermore, in order to confront models with weak lensing observations, it is convenient
to know the form of the anisotropic parameter η defined in Eq. (4.81). From Eq. (5.84) we
obtain
η ≃ 4Q
2(k2/a2)F
(k2/a2)(1− 2Q2)F +M2 , (5.89)
which vanishes in the limit M2/F ≫ k2/a2, but approaches a value η → 4Q2/(1 − 2Q2)
in the limit M2/F ≪ k2/a2. We also introduced the parameter Σ defined in Eq. (4.82). It
follows that Σ ≃ 1/F , which shows that the effective potential can be written as Φeff ≃
−(a2/2k2)ρmδmΣ. Hence, unlike the case of Einstein gravity the weak lensing potential in
these scalar-tensor models of gravity is affected by the changes in Σ as well as δm.
During the matter era the field, ϕ, sits at the instantaneous minima characterised by
the condition (5.64). This is analogous to the situation considered in Sec. 5.3.1, where for
the models (5.47) the field value at the potential minimum and the mass squared m2ϕ are
given by Eqs. (5.54) and (5.55), respectively. Hence, we have the relations ϕ ∝ ρ
1
p−1
m and
M2 ∝ m2ϕ ∝ ρ
2−p
1−p
m during the matter-dominated epoch. The field, ϕ, can initially be heavy
so as to satisfy the condition M2/F ≫ k2/a2 for the modes relevant to the galaxy power
spectrum (0.01hMpc−1 . k . 0.2hMpc−1). Depending upon the model parameters and the
mode, k, the mass squared, M2, can be smaller than k2/a2 during the matter era.
Let us now consider the behaviour of the oscillating mode. Using Eqs. (5.78) and (5.80)
under the condition k2/a2 ≫ H2, the gravitational potentials for δρm = 0 are expressed by
δϕosc. Consequently, from Eq. (5.82), the perturbation δR corresponding to the oscillating
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mode is given by
δRosc ≃ 6Q
(
δϕ¨osc + 3Hδϕ˙osc +
k2
a2
δϕosc
)
. (5.90)
Substituting this into Eq. (5.81), we find
δϕ¨osc + 3Hδϕ˙osc +
(
k2
a2
+
M2
F
)
δϕosc ≃ 0 , (5.91)
which is valid in the regimes M2 ≫ {R, λ2V }. Equation (5.91) clearly shows that the
effective mass for the oscillating mode is positive even for Q2 > 1/6.
In the following we shall confirm that as long as the oscillating mode does not initially
dominate over the matter-induced mode, it remains subdominant throughout the cosmic his-
tory. As before, we shall discuss the two cases: (i) M2/F ≫ k2/a2 and (ii) M2/F ≪ k2/a2,
separately.
5.5.1 The case M2/F ≫ k2/a2
In this regime the matter perturbation equation (5.87) reduces to the standard one in Einstein
gravity. The evolutions of δm and Φeff during the matter era, characterised by weff ≃ 0 and
Ωm ≃ 1, are described by Eq. (4.90).
For the model (5.47) the matter-induced mode of the field perturbation evolves as
δϕind ∝ δρm
M2
∝ t 2(4−p)3(1−p) .
When the frequency ωϕ =
√
k2/a2 +M2/F changes adiabatically (i.e. |ω˙ϕ/ω2ϕ| ≪ 1), the
WKB solution to Eq. (5.91) is given by
δϕosc ∝ a−3/2 1√
2ωϕ
cos
(∫
ωϕdt
)
. (5.92)
For the model (5.47), in the regime M2/F ≫ k2/a2, this oscillating mode evolves as
δϕosc ∝ t
p
2(1−p) cos
(
ct−
1
1−p
)
, (5.93)
where c is a constant.
Now since the background field, ϕ, during the matter era evolves as ϕ ∝ t 21−p , we find
δϕ
ϕ
≃ c1t2/3 + c2t−
4−p
2(1−p) cos
(
ct−
1
1−p
)
. (5.94)
This indicates that the matter-induced mode dominates over the oscillating mode with time.
While the solution of the oscillating mode in Eq. (5.94) is valid only in the WKB regime
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(|ω˙ϕ/ω2ϕ| ≪ 1), we have checked that δϕ approaches a constant value with oscillations at
the later stage in which the WKB approximation is violated. Hence, as long as the oscil-
lating mode is not overproduced in the early universe, it remains sub-dominant relative to
the matter-induced mode. Note that this property also holds during the radiation-dominated
epoch.
5.5.2 The case M2/F ≪ k2/a2
In this regime the effective gravitational coupling (5.86) is given by Geff = (1+ 2Q2)/8πF ,
which means that the effect of modified gravity becomes important. From Eqs. (5.87) and
(5.88) we obtain
δm ∝ t
√
25+48Q2−1
6 and Φeff ∝ t
√
25+48Q2−5
6 , (5.95)
which grow faster than the solutions given in Eq. (4.90). This leads to changes in the matter
power spectrum of the large scale structure as well as in the ISW effect in the CMB.
The field perturbation, δϕ, is the sum of the matter-induced mode given in Eq. (5.83) and
the oscillating mode δϕosc given in Eq. (5.91). Using the WKB solution (5.92) for the latter
mode, we have
δϕ = c1t
√
25+48Q2−5
6 + c2t
−2/3 cos(ct1/3) . (5.96)
Since the frequency has a dependence |ω˙ϕ/ω2ϕ| ≃ H ∝ 1/t, the WKB approximation tends
to be accurate at late times. Equation (5.96) shows that the matter-induced mode dominates
over the oscillating mode with time.
5.5.3 The matter power spectra
The models (5.47) have a heavy mass, M , which is much larger than H in the deep matter-
dominated epoch, but which gradually decreases to become of the order of H around the
present epoch. Depending on the modes, k, the system crosses the point M2/F = k2/a2 at
t = tk during the matter era. As shown above, in the context of f(R) gravity this indeed
occurs for the modes relevant to the galaxy power spectrum [69]. Since for the model (5.47)
M evolves as M ∝ t− 2−p1−p during the matter era, the time tk has a scale-dependence given
by tk ∝ k−
3(1−p)
4−p
. When t < tk, the evolution of δm is given by Eq. (4.90), but for t > tk its
evolution changes to the form given by (5.95).
The growth rate of matter perturbations, defined in Eq. (4.105), is s = 1 in the regime
M2/F ≫ k2/a2. After the system enters the regime M2/F ≪ k2/a2 during the matter-
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dominated epoch, we have
s =
√
25 + 48Q2 − 1
4
. (5.97)
During the matter era the mass squared is approximately given by
M2 ≃ 1− p
(2p pC)1/(1−p)
Q2
(
ρm
V0
) 2−p
1−p
V0 . (5.98)
Using the relation ρm = 3F0Ω(0)m H20 (1 + z)3, we find that the critical redshift, zk, at time tk
can be estimated as
zk ≃
[(
k
a0H0
1
Q
)2(1−p)
2ppC
(1− p)1−p
1
(3F0Ω
(0)
m )2−p
V0
H20
] 1
4−p
− 1 , (5.99)
where a0 is the present scale factor. The critical redshift increases for larger k/(a0H0). The
matter power spectrum, in the linear regime, has been observed for the scales 0.01hMpc−1 .
k . 0.2h Mpc−1, which corresponds to 30a0H0 . k . 600a0H0. In Fig. 5.4 we plot the
evolution of the growth rate, s, for the mode k = 600a0H0 and the coupling Q = 1.08 with
three different values of p. We find that, in these cases, the critical redshift exists in the
region zk & 1 and that zk increases for smaller p. When p = 0.7 we estimate zk = 3.9, from
Eq. (5.99), which is consistent with the numerical result in Fig. 5.4. The growth rate reaches
a maximum value smax and then begins to decrease around the end of the matter era.
If we use the criterion s < 2 for the analytic estimation (5.97), we obtain the bound
Q < 1.08. Figure 5.4 shows that smax is smaller than the analytic value s = 2 (which
corresponds to Q = 1.08). When p = 0.7, for example, we find that smax = 1.74. For the
values of p that are very close to 1, smax can be smaller than 1.5. However these cases are
hardly distinguishable from the ΛCDM model. In any case the current observational data on
the growth rate is not enough to place tight bounds on Q and p.
The growth of matter perturbations continues up to the time tΛ characterised by the condi-
tion a¨ = 0. At time tΛ the matter power spectrum Pδm = (k3/2π2)|δm|2 exhibits a difference
compared to the ΛCDM model given by
Pδm(tΛ)
PΛCDMδm
=
(
tΛ
tk
)2„√25+48Q2−1
6
− 2
3
«
∝ k (1−p)(
√
25+48Q2−5)
4−p . (5.100)
The CMB power spectrum is also affected by the non-standard evolution of Φeff given in
Eq. (5.95). This mainly happens for low multipoles because of the ISW effect. Since the
smaller scale modes in the CMB relevant to the galaxy power spectrum are hardly affected
by this modification, there is a difference between the spectral indices of the matter power
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Figure 5.4: The evolution of the growth rate, s, of matter perturbations in terms of the
redshift, z, for Q = 1.08 and k = 600a0H0 with three different values of p. For smaller p
the critical redshift, zk, gets larger. The growth rate, s, reaches a maximum value and begins
to decrease after the system enters the accelerated epoch. For smaller p the maximum value
of s tends to approach the analytic value given in Eq. (5.97).
spectrum and of the CMB spectrum on the scales k > 0.01hMpc−1:
∆n(tΛ) =
(1− p)(
√
25 + 48Q2 − 5)
4− p . (5.101)
This reproduces the result of f(R) gravity derived in Sec. 4.3.5. In Ref. [129] it was shown
that this analytic estimation agrees well with numerical results except for large values of p
close to unity. This reflects the fact that for larger p the redshift z = zk at time t = tk
gets smaller (being of the order of zk = O(1)) so the approximations used in deriving the
solutions (5.95), based on weff = 0 and Ωm = 1, break down. In Ref. [129] it was further
shown that the difference ∆n(t0) integrated to the present epoch does not show a significant
difference compared to (5.101).
Because we do not, at present, have any observationally significant evidence to suggest
the presence of a difference between the spectral indices of the CMB and the matter power
spectra [162], in Fig. 5.5 we plot the constraints coming from the criterion ∆n(tΛ) < 0.05.
If |Q| is smaller than 0.1, this condition is trivially satisfied. For larger |Q| the constraints
on the values of p tend to be stronger. In the case of f(R) gravity we obtain the bound
p > 0.78, which is stronger than the constraint coming from the violation of the equivalence
principle. If we adopt the criterion ∆n(tΛ) < 0.03, the bound on p becomes tighter: p >
0.87. Meanwhile, if |Q| is smaller than the order of 0.1, the EP constraint gives the tightest
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Figure 5.5: The allowed region of the parameter space in the (p,Q) plane. We show the
bounds coming from the conditions ∆n(tΛ) < 0.05 and s < 2 as well as the solar-system
constraint (5.59) and the EP constraint (5.63).
bound. If we use the criterion s < 2 for the analytic estimation (5.97), the coupling, |Q|, is
bounded from above (Q < 1.08).
In Fig. 5.5 we show the allowed parameter space consistent with current observational
and experimental constraints. The constraints coming from the ISW effect in the CMB due to
the change in evolution of the gravitational potential do not provide tighter bounds compared
to those shown in Fig. 5.5.
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5.6 Summary
We have considered a class of dark energy models based on scalar-tensor theories given by
the action (5.9). In these theories, expressed in the Einstein frame, the scalar field ϕ is cou-
pled to the non-relativistic matter with a constant coupling Q. The action (5.9) is equivalent
to the Brans-Dicke theory with a field potential V , where the Brans-Dicke parameter, ωBD,
is related to the coupling, Q, via the relation 3 + 2ωBD = 1/(2Q2). These theories include
the f(R) gravity theories and the quintessence models as special cases where the coupling is
given by Q = −1/√6 (i.e., ωBD = 0) and Q = 0 (i.e., ωBD →∞), respectively.
We began by studying the background cosmological dynamics in a homogeneous and
isotropic setting, without specifying the field potential, V (ϕ), but under the assumption that
the slope of the potential, λ = −V,ϕ/V , is constant. The varying λ case can also be studied
by treating the fixed points as instantaneous ones. We found that for a range of values of
the coupling constant, |Q|, not much smaller than unity the matter era can be realised by
the solution corresponding to the point (d) in Eq. (5.31) subject to the condition λ/Q ≫ 1.
Interestingly the presence of a non-zero coupling leads to a de-Sitter solution characterised
by the condition V,ϕ + QFR = 0 (i.e., λ = 4Q), which can lead to late-time acceleration.
(The condition for the stability of this de-Sitter solution is given by dλ/dϕ < 0 at the fixed
point.)
In the absence of the scalar-field potential, solar-system tests constrain the coupling, Q,
to have values in the range |Q| < 2.5 × 10−3. The presence of the potential, on the other
hand, allows the LGC to be satisfied for larger values of |Q|, if the field is sufficiently heavy
in the high-curvature region where gravity experiments are carried out. We found that even
when |Q| is of the order of 1, a thin-shell can form inside a spherically symmetric body such
that the effective coupling, |Qeff |, defined in Eq. (4.28) becomes much smaller than 1.
We then considered a family of models given by the scalar-field potentials (5.47) which
generalise the corresponding potential in the f(R) theory, while at the same time satis-
fying the LGC for appropriate choices of the parameters. In particular we found that as
p approaches unity, the mass of the field, ϕ, becomes larger, thus allowing the LGC to
be satisfied more easily [see Eq. (5.55)]. Using the constraints coming from solar sys-
tem tests as well as compatibility with the equivalence principle, we obtained the bounds
p > 1− 5/(9.6− log10|Q|) and p > 1− 5/(13.8− log10|Q|), respectively. In f(R) gravity,
for example, these constraints correspond to p > 0.50 and p > 0.65 respectively.
During radiation/matter eras the field, ϕ, needs to be very close to 0 for the compatibility
with LGC, which results in F = e−2Qϕ ≃ 1. Figure 5.5 summaries the regions of the param-
eter space in the (p,Q) plane where the corresponding potentials lead to models compatible
with the LGC.
For these models we found that the quantity F tends to increase from its present value
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as we go into the past, which results in the equation of state wDE of dark energy becoming
singular when Ωm = F0/F . This behaviour is similar to that found for f(R) and f(G)
theories.
We also studied the evolution of density perturbations for these models in order to place
constraints on the coupling, Q, as well as on the parameters of the field potential. In the
deep matter era the mass, M , of the scalar field is sufficiently heavy to make these models
compatible with LGC, but it gradually gets smaller as the Universe enters the accelerated
epoch. For those models compatible with the galaxy power spectrum, there exists a “General
Relativistic” phase during the matter era characterised by the condition M2/F ≫ k2/a2. At
this stage the matter perturbation δm and the effective gravitational potential Φeff evolve as
δm ∝ t2/3 and Φeff = constant, respectively, as in the case of Einstein gravity. Around the
end of the matter-dominated epoch, the deviation from Einstein gravity can be seen once
M2/F becomes smaller than k2/a2. The evolution of perturbations during this “scalar-
tensor” regime is given by Eqs. (5.95). Under the criterion s = δ˙m/Hδm < 2 for the growth
rate of matter perturbations, and with the use of the analytic estimation (5.97), we obtain
the bound Q < 1.08. The difference ∆n of the spectral indices of the CMB and the matter
power spectra gives rise to another constraint on the model parameter p and the coupling Q.
Figure 5.5 illustrates the bounds derived from the conditions ∆n < 0.05 and s < 2,
as well as those from local gravity constraints. The models with p close to 1 satisfy all
these requirements. It will certainly be of interest to place more stringent constraints on the
values of p and Q by using the recent data of the matter power spectrum, CMB and Lyman
alpha forest. Moreover, the future surveys of weak lensing may find some evidence of an
anisotropic stress between the gravitational potentials Φ and Ψ, which can be a powerful tool
to distinguish modified gravity models from the ΛCDM cosmology.
Chapter 6
Cosmological scaling solutions in
generalised Gauss-Bonnet gravity
In this chapter we consider the cosmology of models based on a class of generalised theories
with an action of the form (2.54):
S =
∫
d4x
√−g
(
R
2
+ f(G)
)
+ Sm, (6.1)
where the Gauss-Bonnet (GB) invariant, G, is defined in Eq. (2.53). We recall that in four
dimensions, the GB term is a topological invariant and introducing a term proportional to G
into the Einstein-Hilbert action does not modify the dynamics. In this chapter we investigate
the existence and stability of cosmological power-law scaling solutions derived from theories
of the type (6.1) in the presence of a perfect fluid matter source [71]. Scaling (attractor)
solutions play an important role in cosmology, since they enable the asymptotic behaviour
and stability of a particular cosmological background to be determined. Moreover, they
provide a framework for establishing the behaviour of more general cosmological solutions
[22; 25; 163; 164; 165].
6.1 Cosmological Field Equations
As was discussed in Sec. 2.2.4, the action (6.1) may be expressed in an equivalent form
[166]:
S =
∫
d4x
√−g
(
R
2
− V (φ)− h(φ)G
)
+ Sm, (6.2)
where the scalar field, φ, is defined implicitly by
h(φ) ≡ −F (G) (6.3)
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for some function h(φ) and has an effective self-interaction potential
V (φ) ≡ GF (G)− f(G), (6.4)
where F ≡ ∂f/∂G. Eq. (6.2) may be interpreted as an effective ‘scalar-tensor’ theory, where
the scalar field has a vanishing kinetic term.
To study cosmological models based on action (6.1), one may proceed directly by varying
the action to derive the field equations or, indirectly, by varying the equivalent action (6.2).
We employ the latter approach in the present work in view of its potential simplicity. The
field equations in this case take the form given in Eq. (2.84). The equation of motion for the
scalar field takes the form
V,φ(φ) + h,φ(φ)G = 0. (6.5)
(This is Eq. (2.81) which we restate here for convenience).
The aim here is to study the dynamics of the isotropic and spatially flat FLRW universe
sourced by a perfect barotropic fluid with an equation of state parameter, wm = pm/ρm.
For this spacetime, the GB invariant is given by G = 24H2(H˙ + H2). The Friedmann
and Raychaudhuri equations derived from Eq. (2.84) for this background are then given by
[167; 31]
3H2 = V (φ) + 24H3h˙+ ρm, (6.6)(
2
H˙
H2
+ 3
)
H2 = V (φ) + 8H2h¨+ 16H3h˙
(
1 +
H˙
H2
)
− pm, (6.7)
respectively, and the scalar field equation (6.5) reduces to
V,φ + 24h,φH
2(H˙ +H2) = 0. (6.8)
It proves convenient to interpret the GB gravitational terms on the right-hand side of
the Friedmann equation (6.6) as an effective energy density, such that ρG ≡ TG + V (φ),
where TG ≡ 24h˙H3 plays the role of a kinetic energy. It is then natural to introduce the
dimensionless variables
y1 ≡ V (φ)
3H2
, y2 ≡ 8Hh˙, (6.9)
and the fractional energy densities
Ωm ≡ ρm
3H2
= 1− y1 − y2, (6.10)
ΩG ≡ y1 + y2. (6.11)
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The background field equations (6.6)-(6.8) can then be expressed in terms of these variables
such that
dy1
dN
= 2εy1 − (1− ε)y2, (6.12)
dy2
dN
= −2ε+ 3(1− y1)− (2− ε)y2 + 3wmΩm, (6.13)
where ε ≡ −H˙/H2 and N ≡ ln a.
6.2 Cosmological scaling solutions
We wish to identify the class of GB theories that admit scaling solutions such that each of the
terms in the Friedmann equation (6.6) scales at the same rate, H2 ∝ ρm ∝ V (φ) ∝ TG [168].
These conditions result in a power-law solution to Eqs. (6.6)-(6.8) of the form a ∝ t1/ε,
where ε = constant. For such a scaling solution, it follows from Eq. (6.8) that
V,φ = − 1
α
V 2h,φ (6.14)
when ε 6= 1, where α is a finite constant. Integrating Eq. (6.14) then implies that
h =
α
V
+ β, (6.15)
where β is an arbitrary integration constant.
Relating the functions V (φ) and h(φ) in this way is equivalent to specifying the form of
the GB function, f(G), via the definition given in Eq. (6.4). Indeed, substituting Eq. (6.15)
into Eq. (6.4) results in the first-order, non-linear differential equation
(
G df
dG − f
)(
df
dG + β
)
= −α. (6.16)
Eq. (6.16) is an example of Clairaut’s equation [169] and may be solved in full generality by
differentiating with respect to G:
d2f
dG2
[(
df
dG + β
)2
− αG
]
= 0. (6.17)
Eq. (6.17) is trivially solved by f(G) = α0 + α1G, where αi are constants. However, this
simply corresponds to the introduction of a cosmological constant in the action (6.1) and is
not physically interesting to the present discussion. (Recall that a contribution of the form
f ∝ G is also uninteresting since the GB term is a topological invariant). On the other hand, a
singular solution to Eq. (6.16) with no arbitrary constants can be found by setting the square
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bracketed term in Eq. (6.17) to zero and substituting the result into Eq. (6.16). We find that
f(G) = ±2√αG, (6.18)
where we have specified β = 0 without loss of generality. Moreover, requiring the action
(6.1) to be real implies that αG > 0.
Eqs. (6.15) and (6.18) represent the necessary and sufficient conditions for the existence
of power-law scaling solutions, where ε = constant. More general solutions to the field
equations, where ε is time-dependent, exist for this model. If the cosmological behaviour of
the model (6.18) is to be determined, the coupled differential equations (6.12)-(6.13) must
close. This implies that the parameter ε must be expressible as a function of y1 and y2 only.
When Eq. (6.15) is satisfied, we find that
ε = 1− 3
8α
y21. (6.19)
Hence, substituting Eq. (6.19) into Eqs. (6.12)-(6.13) yields the plane autonomous system:
dy1
dN
= 2y1 − 3
4α
y31 −
3
8α
y21y2, (6.20)
dy2
dN
= 2(y2 − 1)− 3
8α
y21y2 +
3
4α
y21 + 3(1 + wm)(1− y1 − y2). (6.21)
Before concluding this section, it should be remarked that the equivalence between ac-
tions (6.1) and (6.2) does not apply for the special case ε = 1 (y1 = 0), corresponding to
the coasting solution, a ∝ t. In this case, integration of Eq. (6.8) would yield V (φ) = V0 =
constant and the solution to Eq. (6.4) would then be given by f(G) = −V0 + c1G for some
constant c1. This disparity can be traced to the singular nature of the coasting solution for
the model (6.18). Specifically, the Friedmann equation derived directly from action (6.1) for
this model is given by
3H2 = ∓
√
6α
H2(2H3 − H¨)
(H˙ +H2)3/2
+ ρm (6.22)
and the term originating from the GB contribution is ill-defined when ε = 1 (y1 = 0).
Consequently, we do not consider this solution in the phase plane analyses of the following
sections.
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6.3 Vacuum solutions
In this Section, we consider vacuum solutions where Ωm = 0 and y1 = 1 − y2. The pair of
equations (6.20)-(6.21) then reduces to the one-dimensional system
dy1
dN
= y1
(
2− 3
8α
y1 − 3
8α
y21
)
. (6.23)
There exist two power-law solutions when y1 6= 0:
y1 = −1
2
± 1
6
√
9 + 192α, (6.24)
which we denote as V±, respectively. The reality of the fixed points requires that α ≥
−9/192. The power of the expansion can be expressed in terms of the effective equation of
state parameter
weff ≡ −1 + 2
3
ε (6.25)
such that a(t) ∝ t2/[3(1+weff )]. It is determined by the value of the GB coupling parameter,
α, and substituting Eqs. (6.19) and (6.24) into Eq. (6.25) implies that
weff =
1
24α
[
−40α− 3±√9 + 192α
]
, (6.26)
where the +/− corresponds to the points V±, respectively. This dependency of the effective
equation of state on the GB parameter is illustrated in Fig. 6.1. The solution V+ corresponds
to an inflationary cosmology when α > 0 and the exponential, de Sitter solution arises when
α = 3/8. The solution V− is in a super-inflationary regime (weff < −1) for α > 0. When
α < 0, the effective equation of state corresponds to that of an ultra-stiff fluid (weff ≥ 1).
Our results are in line with the recent conclusions of Ref. [170], where a study of the late-
time cosmology based on the model f(G) ∝ −Gn was made with the field equations derived
directly from action (6.1).
The eigenvalues associated with the equilibrium points V± are given by
µ± = −4− 3
16α
± 1
16α
√
9 + 192α. (6.27)
The solution V+ is stable for α > −9/192. The solution V− is a stable point when α > 0
and unstable for −9/192 < α < 0.
6.4: Non-vacuum solutions 144
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
−1
−0.5
0
0.5
1
α
w
e
ff
V+
−0.045 −0.04 −0.035 −0.03 −0.025 −0.02 −0.015 −0.01 −0.005 0
0
10
20
30
40
50
60
70
80
90
100
α
w
e
ff
V−, α < 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
−30
−25
−20
−15
−10
−5
0
α
w
e
ff
V−, α > 0
Figure 6.1: Illustrating the effective equation of state weff for the vacuum solutions V+ and
V−. Requiring that the fixed points are real yields the condition α ≥ −9/192. The left-hand
panel corresponds to V+, which shows that V+ is an accelerating solution for α > 0 and
corresponds to the de Sitter solution if α = 3/8. The middle panel corresponds to V− when
α < 0 and in this regime weff ≥ 1. The right-hand panel corresponds to V− when α > 0
and in this regime weff < −1.
6.4 Non-vacuum solutions
In this Section, we study the background dynamics of models based on GB theories of the
type (6.18) in the presence of a perfect fluid. The vacuum solutionsV± remain as equilibrium
points of the autonomous system (6.20)-(6.21):
(y1, y2) =
(
−1
2
± 1
6
√
9 + 192α,
3
2
∓ 1
6
√
9 + 192α
)
. (6.28)
In addition, there exist two scaling solutions, where Ωm and ΩG are constants:
(y1, y2) =
(
±2
√−3α(1 + 3wm)
3
, ± 12α(1 + wm)√−3α(1 + 3wm)
)
, (6.29)
Ωm = 1∓ 2
√
−3α(1 + 3wm)
3
∓ 12α(1 + wm)√−3α(1 + 3wm) , (6.30)
ΩG = ±2
√−3α(1 + 3wm)
3
± 12α(1 + wm)√−3α(1 + 3wm) (6.31)
and weff = wm. We denote these solutions by S±.
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Figure 6.2: Illustrating the nature of the equilibrium points V+ (left-hand panel) and V−
(right-hand panel) in the parameter space spanned by (wm, α). Both fixed points are real if
α ≥ −9/192. On the boundary (denoted by the solid line) that distinguishes the stability of
the fixed point V+, one of the eigenvalues µ+1,2 vanishes. This is indicated in the figure by a
change in colour. The dotted line in the left-hand panel represents the invariant sub-manifold
y1 = 0. In the case of the point V−, neither of the eigenvalues vanishes in any region of the
(wm, α) plane.
The eigenvalues associated with the equilibrium points V± are given by
µ±1 = −
1
32α
[
48α(3 + wm) + 9∓ 3
√
9 + 192α
]
+ λ±1 (6.32)
µ±2 = −
1
32α
[
48α(3 + wm) + 9∓ 3
√
9 + 192α
]
− λ±1 (6.33)
λ±1 ≡
1
32α
[
256α2(1 + 3wm)
2 + 288α(1 + wm) + 18 (6.34)
∓32α(1 + 3wm)
√
9 + 192α∓ 6√9 + 192α
]1/2
.
The stability of these vacuum solutions is altered when a matter source is introduced into
the system and depends on both the GB parameter, α, and the perfect fluid equation of state,
wm. This dependency is illustrated in Fig. 6.2. The solid lines represent the regions where
the nature of the equilibrium points changes as the parameter values are altered. The stability
of V− is determined by the sign of the GB parameter, α. On the boundary distinguishing the
nature of the fixed point V+, one of the eigenvalues µ+1,2 vanishes. To analyse the stability
of the equilibrium point for these particular choices of parameter values would require a
second-order analysis, which is beyond the scope of the present work.
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The eigenvalues associated with the scaling equilibrium points S± are given by
µ±1 =
3
4
(wm − 1) + τ±1 (6.35)
µ±2 =
3
4
(wm − 1)− τ±1 (6.36)
τ±1 ≡
1
4α
[
±8α(1 + 3wm)
√
−3α(1 + 3wm) (6.37)
−α2(135w2m + 306wm + 71)
]1/2
.
The stability of these fixed points is illustrated in Fig. 6.3. The points are real in the region
of parameter space, α(1 + 3wm) ≤ 0. Furthermore, they are only physically meaningful
if Ωm = 1 − y1 − y2 ≥ 0. This results in a further restriction in the (wm, α) plane after
substitution of Eq. (6.30).
The top two panels of Fig. 6.3 correspond to the scaling solution S+ where y1 > 0 and
the bottom two panels correspond to S− where y1 < 0. The point S+ is either a stable
node or a stable spiral. The point S− is always a saddle. On the curve Ωm = 0, one of the
eigenvalues of S± vanishes.
To illustrate the scaling dynamics, let us consider the specific case where (α,wm) =
(0.05,−0.6). At this location in parameter space, there exist two equilibrium points1: the
saddle point V+ and the stable node S+. The basin of attraction for S+ is shown in Fig. 6.4.
As a second example, we consider the case (α,wm) = (−0.005,−0.05), where there exist
four equilibrium points: an unstable vacuum solution V−, a saddle point S−, a stable V+
and a stable spiral S+. The spiral nature of the point S+ is illustrated in the phase portrait of
Fig. 6.5, where the initial conditions were specified to be Ωm = ΩG = 0.5.
1Note that the point V− also exists but this occurs in the region y1 < 0. Stable scaling solutions arise only
for y1 > 0 and, since y1 = 0 is a separatrix, a trajectory beginning in the region y1 < 0 will not be able to reach
S+. We therefore choose the initial conditions in Fig. 6.4 such that y1 > 0. This is equivalent to choosing the
negative sign in Eq. (6.15).
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6.5 Summary
In this Chapter we have investigated the existence and stability of cosmological power-law
scaling solutions sourced by a barotropic fluid when an appropriate function of the Gauss-
Bonnet topological invariant is introduced into the Einstein-Hilbert action. It was found that
the general class of such theories that admit power-law solutions is given by Eq. (6.18), i.e.,
f(G) = ±2√αG for some constant coefficient, α. By exploiting an equivalence between
generalised Gauss-Bonnet gravitational theories and a corresponding higher-order, scalar-
tensor theory, it was further shown that the Friedmann equations for this class of model
can be written in the form of a two-dimensional dynamical system. The stability of the
equilibrium points for both vacuum and non-vacuum models was established. In the former
case, the GB parameter, α, determines the effective equation of state parameter. For non-
vacuum solutions, the nature of the critical points depends on both α and the fluid equation of
state parameter, wm. The regions of parameter space (α,wm) that admit stable non-vacuum
scaling solutions were identified.
The models we have investigated do not admit a transition from a decelerating to an
accelerating phase of cosmic expansion. However, our aim in this chapter has been to focus
on power-law solutions rather than develop a phenomenological model of generalised Gauss-
Bonnet gravity as a candidate for dark energy. Power-law solutions are of interest since they
can be regarded as approximations to more realistic models. In particular, phenomenological
models could be constructed where the parameter α is given by some function of G (or
equivalently the scalar field φ), such that α is slowly varying for much of the history of the
universe, but at some epoch undergoes a change in sign. In principle, this could cause the
universe to enter a phase of accelerated expansion. It would be interesting to develop specific
models of this type, along the lines outlined in Ref. [171].
For a number of explicit f(G) models, it has recently been shown that a transition from
decelerated to accelerated expansion is possible [171]. The viability of such an evolution is
subject to the condition d2f/dG2 > 0, which ensures the stability of a late-time de-Sitter so-
lution as well as the existence of standard radiation and matter dominated epochs. Through
a phase space analysis, the conditions required for the existence of viable cosmological dy-
namics are generalised in Ref. [149]. In analogy with f(R) gravity [43], the authors of
Ref. [149] study the m(r) curves [where m ≡ Gf,GG/f,G and r = −Gf,G/f ] of f(G) models
and find that in order for a standard matter era to exist the conditions
m(−1
2
) = −1
2
and m′(−1
2
) > −1,
need to be satisfied. The second condition ensures that the matter dominated epoch is a
transient phase. It was found that models of the type f(G) = α(Gp − β)q, where α, β, p
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and q are positive constants, can produce cosmologically viable trajectories with a de-Sitter
epoch as the final attractor. In fact, the model f(G) = α(G 34 − β) 23 was studied explicitly
[149]. We note that in the regime where |G| is much larger than the order of the present value
G0, this model reduces to the model f(G) ∝ G 12 , considered here.
Given that models which admit viable background cosmological dynamics do indeed
exist, the next step would be to place observational bounds on these models using LGC
and matter density perturbations. Interestingly, as in the case of f(R) gravity and scalar-
tensor gravity, the oscillating mode and the deviation of wDE is found to occur in viable
f(G) models (see Ref. [171] and Ref. [149], respectively). It would also be interesting to
investigate whether or not these features are generic to viable MG theories.
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Figure 6.3: Illustrating the stability of the scaling equilibrium points S± in the parameter
space spanned by (wm, α). The region of parameter space is restricted by the requirement
that the equilibrium points are real, α(1+3wm) ≤ 0, and also correspond to physically real-
istic solutions where Ωm ≥ 0. The shaded areas depict the regions of parameter space where
the solutions are unphysical. These restrictions imply that the analysis can be separated into
regions where α > 0 (left-hand panels) and α < 0 (right-hand panels). The regions of pa-
rameter space where the fixed points correspond to either a saddle point or a stable/spiral
node are identified. On the line Ωm = 0, the eigenvalue µ+1 = 0 (for the scaling point S+)
when α > 0. Conversely, µ−2 = 0 (for the scaling point S−) when Ωm = 0 and α < 0.
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Figure 6.4: Illustrating the dynamics of the model (6.18) for the particular case where
(α,wm) = (0.05,−0.6). The left-hand panel depicts the phase space, where the straight
line y1 = 1 − y2 corresponds to the vacuum solution Ωm = 0. The red dot represents the
scaling fixed point S+. For the range of initial conditions chosen, all non-vacuum, physically
acceptable solutions are attracted to S+. The right-hand panel depicts the evolution of the
fractional energy densities of the perfect fluid, Ωm, and the GB contribution, ΩG , for the ini-
tial conditions Ωm = ΩG = 0.5. It is seen that the fractional densities asymptote to constant
values at late times, thus indicating that the solution is scaling.
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Figure 6.5: Illustrating the dynamics of the model (6.18) for the particular case where
(α,wm) = (−0.005,−0.05). The left-hand panel depicts the phase space for this scenario,
whereas the right-hand panel depicts the evolution of the fractional energy densities Ωm and
ΩG . The initial conditions were chosen such that Ωm = ΩG = 0.5. At late times, the frac-
tional energy densities of the fluid and GB contribution tend to constant values.
Chapter 7
Summary
The main focus of this thesis has been to investigate the cosmological viability of a number
of classes of modified gravity theories which include: f(R) gravity in both the metric and
Palatini formalisms, scalar-tensor gravity and generalised Gauss-Bonnet gravity. In order to
study the viability of concrete models we considered four sets of observational constraints
provided respectively by the requirement of stability, consistent background cosmological
dynamics, local gravity experiments and evolution of density perturbations. We found that
these constraints impose stringent restrictions on the viable range of models.
In the case of f(R) gravity in the metric formalism, the conditions (4.14)-(4.15) required
for viable background dynamics, together with the stability conditions (4.43), greatly reduce
the range of allowed models. For the special classes of models that satisfy these conditions
[for instance those given by Eq. (4.37)], the most stringent constraints are imposed by solar
system tests. The compatibility of models with such tests requires the formation of a thin-
shell, which is developed under the condition m ≡ Rf,RR/f,R ≪ 1 (in an environment
where local gravity tests are carried out). Cosmologically this condition [i.e., (4.39)] implies
that viable models need to be very close to the ΛCDM model during the radiation and matter
dominated epochs. The study of density perturbations, on the other hand, provides bounds on
the present value of the deviation parameter, m, which is constrained to be m(z = 0) . 0.1.
Hence, although m is constrained to be very small during the matter era, a notable deviation
from the ΛCDM model can occur around the present epoch.
Unlike the metric formalism, the stability conditions (4.43) do not apply to f(R) theories
in the Palatini approach. In addition, compared with the metric formalism, the background
dynamics and LGC only provide weak bounds on the parameter m. The density perturba-
tions, however, provide stringent constraints: |m| . 10−5-10−4. Consequently, f(R) models
in the Palatini formalism that are consistent with observations are practically indistinguish-
able from the ΛCDM cosmology even at the present epoch. This follows due to the peculiar
evolution of the matter perturbations in the regime |ξ| > 1.
Comparing these results with those obtained using the LuSS approach for studying den-
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sity perturbations (outlined in Chapter 3), we find that the unconventional evolution of δm
(i.e., a rapid growth when m > 0) does not occur. This discrepancy, therefore, suggests
that one should be cautious in employing the LuSS approach when studying density pertur-
bations in the Palatini formalism, especially in regimes where |ξ| > 1. As k/a decreases,
however, the discrepancy between the LuSS and linearisation (KKS) approaches becomes
less pronounced. We find that in the long-wavelength limit (k2/a2 ≪ H2), the LuSS and
KKS approaches are compatible for the f(R) models summarised in equations (3.23) and
(3.24). A particular case of this class of models arises when f(R) is a power law of the Ricci
scalar. When the deviation from ΛCDM cosmology is small (i.e., m is small), we find that
the LuSS and KKS approaches are always compatible.
We also considered a class of scalar-tensor theories (5.9) which admit a strong coupling
of the scalar field to the non-relativistic matter in the Einstein frame. Inspired by f(R)
gravity we considered the class of models given by the potential (5.47), which satisfy the
stability requirement dλ/dϕ < 0 as well as producing viable background dynamics. The
strong coupling of the scalar-tensor theories (5.9) violates all LGC. The existence of a matter
dependent mass and a thin-shell effect, however, allows for such theories to be compatible
with local gravity experiments. Using solar-system and equivalence principle constraints,
we obtained the bounds (5.59) and (5.63), respectively. These constraints, along with the
bounds derived from the conditions ∆n < 0.05 and s < 2 for matter density perturbations,
are illustrated in Figure 5.5. Although the observations seem to prefer smaller values of
|Q|, it is found that models with p close to unity satisfy all the experimental constraints
considered. The allowed parameter space illustrated in Fig. 5.5 may be further restricted by
considering future observational data.
Finally, we considered modified Gauss-Bonnet, f(G), gravity. We established the con-
ditions required for the existence and stability of cosmological power-law scaling solutions.
The general form of the action that leads to such solutions was found to be f(G) = ±2√αG.
By employing the equivalence between f(G) gravity and a corresponding scalar-tensor the-
ory (2.76), the cosmological equations were written as a dynamical system and the stability
of the equilibrium points for both vacuum and non-vacuum solutions was determined. In the
case of the vacuum solutions, the stability was found to depend on the parameter α, while in
the non-vacuum case the stability was found to depend on both α and the fluid equation of
state.
In conclusion, the analyses carried out in this thesis suggest that confronting modified
gravity theories with observational constraints restricts the viable range of models to be very
close to (and in some cases indistinguishable from) the ΛCDM model.
Appendix A
Appendix
A.1 The f(R) field equations for scalar perturbations in the
Palatini formalism
This appendix summarises the derivations of the perturbed field equations presented in sec-
tion 2.4.3 are provided1 [69; 79]. We begin with the Einstein equation
Gab ≡ Rab −
1
2
δabR = (B.1)
1
F
T ab +
f − FRˆ
2F
δab +
1
F
(F a;b −Fδab)−
3
4F 2
(2F ;aF;b − 2F ;cF;cδab),
which we derive using Eqs. (2.19), (2.36) and (2.37). Looking back at sections 2.1.1 and
2.1.2, we notice that the problem of evaluating the perturbed Einstein tensor, Gab, reduces to
computing the perturbations to the Christoffel symbols. At this point it is convenient to work
in conformal time τ , in which case the perturbed metric (2.118) can be re-written as
ds2 = a2(τ){−(1 + 2α)dτ 2 − 2b,idτdxi + [(1 + 2ϕ)δij + 2E|ij ]dxidxj}. (B.2)
For the metric (B.2), the components of the connection Γabc = Γ¯abc + δΓabc are:
Γ000 = H + α,τ , (B.3)
Γ00i = (α−Hb),i ,
Γi00 = (α−Hb− b,τ ),i ,
Γi0j = (H + ϕ,τ )δij − E i,τ | j ,
Γ0ij = (H(1− 2α + 2ϕ) + ϕ,τ)δij + (b+ 2HE + E,τ )|ij ,
Γijk = δjk(Hb− ϕ);i + δikϕ,j + δijϕ,k + (E i|j k + E i|k j −E i|jk ) ,
1This summary is partially based on private communications with Nikolay A. Koshelev.
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where H ≡ aH = a˙ and the indicies i, j, k run over the spatial coordinates.
We recall that the covariant derivatives of a scalar field ψ(t, xi) is just the partial deriva-
tive: ψ,a. This means, for example, that ψ;ab = ψ,ab − Γcabψ,c. Hence, to linear order in
perturbations, the covariant derivatives of a scalar field ψ(t, xi) = ψ¯(t) + δψ(t, xi) are [96]:
∇0∇0ψ = 1
a2
[−ψ¯,ττ − δψ,ττ +Hψ¯,τ +Hδψ,τ + α,τ ψ¯,τ + 2α(ψ¯,ττ −Hψ¯,τ )] ,
∇i∇0ψ = 1
a2
[
δψ,τ −Hδψ − bψ¯,ττ − (α− 2Hb)ψ¯,τ
],i
,
∇i∇jψ = 1
a2
[−(ψ¯ + δψ,τ )Hδij + δψ i| j + [(2Hα− ϕ,τ )δij − (b+ E,τ ) i| j ]ψ¯,τ] ,
∇k∇kψ = 1
a2
[−3H(ψ¯ + δψ,τ ) + δψ k| k + [3(2Hα− ϕ,τ )− (b+ E,τ ) k| k]ψ¯,τ] ,
∇a∇aψ = 1
a2
[
−ψ¯,ττ − δψ,ττ − 2H(ψ¯,τ + δψ,τ ) + δψ k| k + α(2ψ¯,ττ +Hψ¯,τ )
+α,τ + 3(Hα− ϕ,τ )− (b+ E,τ ) k| k
]
ψ¯,τ .
Bearing in mind the two spatially gauge-invariant combinations (2.125)-(2.124),
χ = a(b+ E,τ ) , (B.4)
κ =
3
a
(Hα− ϕ,τ) + k
2
a2
χ , (B.5)
and their derivatives
χ,τ = aH(b+ E,τ ) , (B.6)
κ,τ ≡ 3
a
(Hα,τ +H,τα− ϕ,ττ)− 3H
a
(Hα− ϕ,τ )− k
2H
a
(b+ E,τ ) (B.7)
+
k2
a
(b,τ + E,ττ ) ,
the components of the Ricci tensor are:
R00(g) =
1
a2
[
3H,τ + 3
(
H2 −H,τ + k
2
3
)
α− aκ,τ − 2aHκ
]
, (B.8)
Rij(g) =
1
a2
[
ϕ,ττ −H(α,τ − 5ϕ,τ)− 2(H,τ + 2H2)α− k2
(H
a
χ− ϕ
)
+(H,τ + 2H2)
]
δij +
1
a2
[
−α− ϕ+ 2H
a
χ+ (b,τ + E,ττ )
] i
| j
,
Ri0(g) =
2
a2
[Hα− ϕ,τ + (H,τ −H2)b],i ,
R0i(g) =
2
a2
[−Hα + ϕ,τ ],i ,
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R(g) = − 2
a2
[
aκ,τ + 4aHκ+ 3(H−H2)α− 2k2ϕ− k2α− 3(H,τ +H2)
]
.
We are now ready to compute the components of the field equations (B.1). The energy
constraint (G00 component of the field equation) is [69; 79]
− 2k2ϕ+
(
2H + F,τ
F
)
aκ+
1
F
(
3
2
(F,τ )
2
F
+ 3HF,τ
)
α =
1
F
[
(B.9)
−a2δρm +
(
3H2 − 3
4
(
F,τ
F
)2
− a
2
2
R+ k2
)
δF +
(
3
2
F,τ
F
+ 3H
)
δF,τ
]
,
and the momentum constraint (G0i component of the field equation) is
Hα− ϕ,τ = 1
2F
[
avρm − F,τα−
(
H + 3
2
F,τ
F
)
δF + δF,τ
]
. (B.10)
The shear propagation equation (Gij − 13δijG00 component) is
χ,τ
a
+
(
H + F,τ
F
)
χ
a
− α− ϕ = δF
F
, (B.11)
and the Raychaudhuri equation (Gii −G00 component) is
2aκ,τ +
(
4H + F,τ
F
)
aκ + 3
F,τ
F
α,τ + (B.12)[
6(H,τ −H2) + 6
(
F,ττ
F
−
(
F,τ
F
)2)
− 3HF,τ
F
− 2k2
]
α
=
1
F
[
a2δρm +
(
6H,τ + 3
(
F,τ
F
)2
− a2R+ k2
)
δF − 6F,τ
F
δF,τ + 3δF,ττ
]
.
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A.2 The thin-shell boundary conditions
This appendix summarises the boundary conditions that are required for the formation of a
thin-shell.
If the field value at the centre, ϕ(ℓ˜ = 0), is close enough to the equilibrium value ϕA
with |ϕ(ℓ˜ = 0)− ϕA| ≪ |ϕA|, the thin-shell solution is realised [47]. Because ϕA is a local
extremum of Ueff , the driving term dUeff/dϕ is initially negligible. In this case the field does
not move away from ϕ(ℓ˜ = 0) practically up to a radius ℓ˜1 which satisfies
∆ℓ˜⋆
ℓ˜⋆
≡ ℓ˜⋆ − ℓ˜1
ℓ˜⋆
≪ 1 . (C.1)
At ℓ˜ = ℓ˜1, the field starts to roll down the potential and we find |U,ϕ(ϕ)| ≪ |QeQϕρ∗A|
for ℓ˜1 < ℓ˜ < ℓ˜⋆. Under the condition |QϕA| ≪ 1, the right hand side of Eq. (4.24) is
approximately given by dUeff/dϕ ≃ Qρ∗A. Substituting this in Eq. (4.24) and using the
boundary conditions ϕ = ϕA and dϕ/dℓ˜ = 0 at ℓ˜ = ℓ˜1, the solution in the region ℓ˜1 < ℓ˜ < ℓ˜⋆
is given by
ϕ =
QρA
3
(
ℓ˜2
2
+
ℓ˜31
ℓ˜
)
− QρAℓ˜
2
1
2
+ ϕA. (C.2)
Outside the body (ℓ˜ > ℓ˜⋆) the gradient energies on the left hand side of Eq. (4.24) become
important because the energy density drops down from ρ∗A to ρ∗B . Taking into account the
mass term mB of the effective potential Ueff , one has dUeff/dϕ = m2B(ϕ− ϕB) on the right
hand side of Eq. (4.24). Using the boundary condition ϕ = ϕB as ℓ˜ → ∞, the solution in
the region ℓ˜ > ℓ˜⋆ is given by [47; 124]
ϕ =
Ce−mB(ℓ˜−ℓ˜⋆)
ℓ˜
+ ϕB. (C.3)
Matching the solutions (C.2) and (C.3) at ℓ˜ = ℓ˜⋆, we find
C = −QM⋆
4

1−
(
ℓ˜1
ℓ˜⋆
)3 (C.4)
and (
ℓ˜1
ℓ˜⋆
)2
≃ 1− ϕB − ϕA
3QΦ⋆
, (C.5)
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where
Φ⋆ ≡ M⋆
8πℓ˜⋆
=
GNM⋆
ℓ˜⋆
. (C.6)
In deriving Eqs. (C.4) and (C.5), we assumed the condition mB ℓ˜⋆ ≪ 1. The solution (C.3)
now becomes
ϕ(ℓ˜) ≃ −QM⋆
4π

1−
(
ℓ˜1
ℓ˜⋆
)3 e−mB(ℓ˜−ℓ˜⋆)
ℓ˜
+ ϕB . (C.7)
Since we are in the thin-shell regime, the following relation is obtained from Eq. (C.5):
∆ℓ˜⋆
ℓ˜⋆
≃ ϕB − ϕA
6QΦ⋆
. (C.8)
The solution outside the body (ℓ˜ > ℓ˜⋆) is then given by Eq. (4.28) with Eq. (4.29).
If the field value at ℓ˜ = 0 is not close to ϕA (i.e., |ϕ(ℓ˜ = 0) − ϕA| & |ϕA|), the field
rapidly rolls down the potential at ℓ˜1 ≃ 0. Setting ℓ˜1 = 0 in Eq. (C.7), we obtain the solution
(4.28) with Qeff replaced by Q. This is the thick-shell regime in which the effective coupling
is not small so as to satisfy the LGC.
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A.3 Equations convenient for numerical simulations in the
Palatini formalism
In this appendix we present the equations that are convenient for numerical simulations.
From Eqs. (2.105), (2.107) and (2.108) we obtain
H2 =
2ρm + FR− f
6Fζ
, where ζ =
[
1− 3
2
F,R(FR− 2f)
F (F,RR− F )
]2
. (D.1)
Introducing a dimensionless quantity
y =
FR− f
6FζH2
, (D.2)
we obtain the differential equation for y [10]:
y′ = y(1− y) [3 + C(R)] , (D.3)
where C(R) is defined in Eq. (4.44).
The following relations also hold
FR− f
FR− 2f = −
2y
1− y , (D.4)
Ωm ≡ ρm
3FζH2
= 1− y . (D.5)
Specifying the value of y, the initial Ricci scalar R is determined by Eq. (D.4). Solving
Eq. (D.3), we obtain y, R, H and Ωm from Eqs. (D.4), (D.2) and (D.5). The effective
equation of state of dark energy is given by
weff = −y + F˙
3HF
+
ζ˙
3Hζ
− F˙R
18FζH3
. (D.6)
As long as the deviation from the ΛCDM model is small (|m| ≪ 1), we have weff ≃ −y1.
The perturbation equations (4.117) and (4.118) are given by
δ′′m +
1
2
(1− 3weff)δ′m −
3
2
ζ(1− y)
(
1 +
ξ
1−m
)
δm ≃ 0 , (D.7)
Φeff ≃ −3
2
(
aH
k
)2
ζ(1− y)δm . (D.8)
Although we solve exact perturbation equations, the above approximate perturbation equa-
tions are found to be very accurate.
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